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Bifurcation (OED): The division of something into two branches or parts.

Bifurcation (dynamical systems): A point in parameter space where the qualitative dynamics of a system abruptly 
changes



What real-world systems can undergo an abrupt change in 
dynamics as a threshold is crossed? 



Big data and bifurcations

3.)
Sampling rate 10kHz
20 minutes = O(107) data 
points

R. I Sujith, IIT Madras

2.)
Sampling rate 250Hz
2 weeks = O(108) data points

1.)
1 measurement / minute
1 year = O(107 ) data points



1. Can we learn the mechanisms that give rise to these bifurcations? (Why?)

2. Can we predict an upcoming bifurcation? (When?)

3. Can we predict the dynamics of an upcoming bifurcation? (What?)





Early warning signals – intuitively

Scheffer et al. Early-warning signals 
for critical transitions (Nature, 2009)

René Thom. Structural stability, 
catastrophe theory, and applied 
mathematics (SIAM review, 1977)

• Statistical metrics that warn of an approaching bifurcation

• Increase in recovery time 
from local perturbations

• Increase in variance
• Increase in autocorrelation

In stochastic systems:Critical 
slowing 
down

Far from bifurcation Close to bifurcation
V (x)

<latexit sha1_base64="Fm7b19KyRhFIqJTHJT/Yw9ZGOvE=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquVvRY8OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUrv6dD4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsIbP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHzLmtX9/VKo57HUYQTOIUqeHANDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPUf2Nug==</latexit>

x
<latexit sha1_base64="EF9ZfM2NR0B/RBMbTfwXTQF7CqE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0cSLx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77J8Va+UqpUsjjycwCmcgwfXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AORHjPU=</latexit> x

<latexit sha1_base64="EF9ZfM2NR0B/RBMbTfwXTQF7CqE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0cSLx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77J8Va+UqpUsjjycwCmcgwfXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AORHjPU=</latexit>

V (x)
<latexit sha1_base64="Fm7b19KyRhFIqJTHJT/Yw9ZGOvE=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquVvRY8OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUrv6dD4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsIbP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHzLmtX9/VKo57HUYQTOIUqeHANDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPUf2Nug==</latexit>

xt
<latexit sha1_base64="HzXdKzAXqnbVtad6MYFVwBlz3C4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolW9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qmHvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2anTsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2hC8xZeXSfO84l1ULu+q5Vo1j6MAx3ACZ+DBFdTgFurQAAYDeIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwBvSo3c</latexit>

xt+1
<latexit sha1_base64="zHWriFhDbo+DVkSC+GqhO7sJTkY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkm0oseCF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophjd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLytV9tVyr5nEU4BhO4Aw8uIYa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Nno9Y</latexit>

xt
<latexit sha1_base64="HzXdKzAXqnbVtad6MYFVwBlz3C4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolW9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qmHvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2anTsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2hC8xZeXSfO84l1ULu+q5Vo1j6MAx3ACZ+DBFdTgFurQAAYDeIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwBvSo3c</latexit>

xt+1
<latexit sha1_base64="zHWriFhDbo+DVkSC+GqhO7sJTkY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkm0oseCF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophjd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLytV9tVyr5nEU4BhO4Aw8uIYa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Nno9Y</latexit>



Early warning signals – mathematically

µ

x⇤

A simple system for illustration

Normal form of the Fold bifurcation

ẋ = µ� x2 + �✏(t)

x⇤ =
p
µ

y = x� x⇤
Residual dynamics

ẏ = �2
p
µy + �✏(t) +O(y2)

satisfy

Dropping H.O.T

ẏ = �y + �✏(t)

an Ornstein-Uhlenbeck Process

� = �2
p
µ

<latexit sha1_base64="cxfGHoT8QA06x1aD3UfAlym2V2Q=">AAACAHicbVDLSgMxFM34rPU16sKFm2AR3FhmakU3QsGNywr2AZ2hZDKZNjTJjElGKMNs/BU3LhRx62e4829M21lo64HA4ZxzubknSBhV2nG+raXlldW19dJGeXNre2fX3ttvqziVmLRwzGLZDZAijArS0lQz0k0kQTxgpBOMbiZ+55FIRWNxr8cJ8TkaCBpRjLSR+vahx0w4RPAantU89SB15vE0h3274lSdKeAicQtSAQWaffvLC2OcciI0Zkipnusk2s+Q1BQzkpe9VJEE4REakJ6hAnGi/Gx6QA5PjBLCKJbmCQ2n6u+JDHGlxjwwSY70UM17E/E/r5fq6MrPqEhSTQSeLYpSBnUMJ23AkEqCNRsbgrCk5q8QD5FEWJvOyqYEd/7kRdKuVd3z6sVdvdKoF3WUwBE4BqfABZegAW5BE7QABjl4Bq/gzXqyXqx362MWXbKKmQPwB9bnD2vjlZ8=</latexit>

The ‘dominant eigenvalue’

1Gardiner, Handbook of stochastic methods, 
Springer Berlin (1985)

Var(y) =
�2

2|�|

Derive statistical metrics1

⇢(⌧) = e�|�|⌧
<latexit sha1_base64="PAtgoAEiBElJ9Khpi1HN546EIBY=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoC0uiFd0IBTcuK9gHNLFMJpN26GQSZiZCSbt146+4caGIW//AnX/jpM1CWw8MHM65hzv3eDGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lowSgUkTRywSHQ9JwignTUUVI51YEBR6jLS94XXmtx+IkDTid2oUEzdEfU4DipHSUs+EjhhEFUeh5BheQXKfnowdpuM+GsNMnfTMslW1poCLxM5JGeRo9Mwvx49wEhKuMENSdm0rVm6KhKKYkUnJSSSJER6iPulqylFIpJtOL5nAI634MIiEflzBqfo7kaJQylHo6ckQqYGc9zLxP6+bqODSTSmPE0U4ni0KEgZVBLNaoE8FwYqNNEFYUP1XiAdIIKx0eSVdgj1/8iJpnVbts+r5ba1cr+V1FMEBOAQVYIMLUAc3oAGaAINH8AxewZvxZLwY78bHbLRg5Jl98AfG5w84R5lg</latexit>

As the bifurcation is approached
(|�| ! 0)

<latexit sha1_base64="c5Bhd1NPZdq4xpDlfuBof+ZsMeQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyXRii4LblxWsA9oQplMpu3QySTMTAol7Z+4caGIW//EnX/jtM1CWw8MHM45l7n3BAlnSjvOt1XY2Nza3inulvb2Dw6P7OOTlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0f3cb4+pVCwWT3qSUD/CA8H6jGBtpJ5tV6YeN/EQTz0dI+eyZ5edqrMAWiduTsqQo9Gzv7wwJmlEhSYcK9V1nUT7GZaaEU5nJS9VNMFkhAe0a6jAEVV+tth8hi6MEqJ+LM0TGi3U3xMZjpSaRIFJRlgP1ao3F//zuqnu3/kZE0mqqSDLj/opR+bGeQ0oZJISzSeGYCKZ2RWRIZaYaFNWyZTgrp68TlpXVfe6evNYK9dreR1FOINzqIALt1CHB2hAEwiM4Rle4c3KrBfr3fpYRgtWPnMKf2B9/gBzpZLZ</latexit>

Var ! 1
<latexit sha1_base64="kncXr2m4N2Vhro41LMcjSRNZMWY=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKt6LLgxmUF+4AmlMl00g6dTMLMjRhD8VfcuFDErf/hzr9x2mahrQcuHM65l3vvCRLBNTjOt7W0vLK6tl7aKG9ube/s2nv7LR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB6Hrit++Z0jyWd5AlzI/IQPKQUwJG6tmHHrAHyFtEjT2IscdlCFnPrjhVZwq8SNyCVFCBRs/+8voxTSMmgQqiddd1EvBzooBTwcZlL9UsIXREBqxrqCQR034+vX6MT4zSx2GsTEnAU/X3RE4irbMoMJ0RgaGe9ybif143hfDKz7lMUmCSzhaFqcDmz0kUuM8VoyAyQwhV3NyK6ZAoQsEEVjYhuPMvL5LWWdU9r17c1ir1WhFHCR2hY3SKXHSJ6ugGNVATUfSIntErerOerBfr3fqYtS5ZxcwB+gPr8wcPDZWT</latexit>

⇢ ! 1
<latexit sha1_base64="rouZW11EVWunHodI2tfe9QYVCFk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRa0WPBi8cK9gOaUDbbTbt0sxt3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZelApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ETFMcMmayFGwTqoZSSLB2tHodua3n5g2XMkHHKcsTMhA8phTglbqBHqoAlR+r1zxqt4c7irxc1KBHI1e+SvoK5olTCIVxJiu76UYTohGTgWbloLMsJTQERmwrqWSJMyEk/m9U/fMKn03VtqWRHeu/p6YkMSYcRLZzoTg0Cx7M/E/r5thfBNOuEwzZJIuFsWZcFG5s+fdPteMohhbQqjm9laXDokmFG1EJRuCv/zyKmldVP3L6tV9rVKv5XEU4QRO4Rx8uIY63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w/oS4/Y</latexit>



Early warning signals – in action

dx

dt
= x(1� x)� hx2

s2 + x2
+ �⇠(t)

<latexit sha1_base64="zioVKMX15/nS5Ok95DrJxim49Wc="></latexit>

May’s harvesting model

Early warning signals

Residual dynamics
yt = xt � trend

<latexit sha1_base64="h6Zxnskf/8ssyzHlx+NKADY5x4c=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAIXgy7GtGLEPDiMYJ5QBLC7KSTDJmdXWZ6JWEJXvwVLx4U8epXePNvnDwOmljQTVHVzUyXH0lh0HW/ndTS8srqWno9s7G5tb2T3d2rmDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1e/fjP3qA2gjQnWPwwiaAesq0RGcoZVa2YNhC+k1HdhOT2kDYYAJalDtUSubc/PuBHSReDOSIzOUWtmvRjvkcQAKuWTG1D03wmbCNAouYZRpxAYixvusC3VLFQvANJPJCSN6bJU27YTalkI6UX9vJCwwZhj4djJg2DPz3lj8z6vH2LlqJkJFMYLi04c6saQY0nEetC00cJRDSxjXwv6V8h7TjKNNLWND8OZPXiSVs7x3nr+4K+SKhVkcaXJIjsgJ8cglKZJbUiJlwskjeSav5M15cl6cd+djOppyZjv75A+czx/nDJZ1</latexit>

Var[yt] = hy2t i
<latexit sha1_base64="I3kQKCrehJDtMI3sG0BYu29p1yE=">AAACEXicbVDLSsNAFJ34rPVVdelmsAiuSqIV3QgFNy4r2FZIYphMb+vgZBJmbsQS+gtu/BU3LhRx686df+P0sfB1YODcc+7lzj1xJoVB1/10Zmbn5hcWS0vl5ZXVtfXKxmbbpLnm0OKpTPVlzAxIoaCFAiVcZhpYEkvoxDenI79zC9qIVF3gIIMwYX0leoIztFJU2QsQ7rBoMz30BxGG9IQGkqm+BGrLq30a6EkVVapuzR2D/iXelFTJFM2o8hF0U54noJBLZozvuRmGBdMouIRhOcgNZIzfsD74liqWgAmL8UVDumuVLu2l2j6FdKx+nyhYYswgiW1nwvDa/PZG4n+en2PvOCyEynIExSeLermkmNJRPLQrNHCUA0sY18L+lfJrphlHG2LZhuD9Pvkvae/XvIPa4Xm92qhP4yiRbbJD9ohHjkiDnJEmaRFO7skjeSYvzoPz5Lw6b5PWGWc6s0V+wHn/AqgQnNc=</latexit>

Variance

Lag-1 autocorrelation

⇢[yt] =
hytyt+1i
hy2t i

<latexit sha1_base64="5kkEGtMmCevC8ZV9NhJecLFIr5Q=">AAACLnicbZDLSsNAFIYn9VbrrerSzWARBKEktaIboSCCywr2Ak0sk+mkHTqZhJkToYQ+kRtfRReCirj1MZxekNp64MDP95+5nN+PBddg229WZml5ZXUtu57b2Nza3snv7tV1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+P2rkd94YErzSN7BIGZeSLqSB5wSMKidv3ZVL2oN2uDhS+wGitDUFUR2BcMGmk7hxBliV43ZcNa8L/3idr5gF+1x4UXhTEUBTavazr+4nYgmIZNABdG65dgxeClRwKm5L+cmmsWE9kmXtYyUJGTaS8frDvGRIR0cRMq0BDymsydSEmo9CH0zGRLo6XlvBP/zWgkEF17KZZwAk3TyUJAIDBEeZYc7XDEKYmAEoYqbv2LaIyYzMAnnTAjO/MqLol4qOqfFs9tyoVKexpFFB+gQHSMHnaMKukFVVEMUPaJn9I4+rCfr1fq0viajGWt6Zh/9Kev7B/atqRQ=</latexit>

Robert May, Threshold and breakpoints in ecosystems with a multiplicity of stable states. Nature (1977)

Potential function

V (x) = �
Z x

f(x̃)dx̃
<latexit sha1_base64="U4qDF6j3CjF7TNrcyoC2bTaf7ho=">AAACDnicbZDLSgMxFIYzXmu9VV26CZZCu7DMeEE3QtGNywr2Am0tmUymDc1khuSMtAx9Aje+ihsXirh17c63Mb0g2vpD4OM/53ByfjcSXINtf1kLi0vLK6uptfT6xubWdmZnt6rDWFFWoaEIVd0lmgkuWQU4CFaPFCOBK1jN7V2N6rV7pjQP5S0MItYKSEdyn1MCxmpnctV8v4Av8GGTS7jrYz/fBC48lvSHBe8H25msXbTHwvPgTCGLpiq3M59NL6RxwCRQQbRuOHYErYQo4FSwYboZaxYR2iMd1jAoScB0KxmfM8Q543jYD5V5EvDY/T2RkEDrQeCazoBAV8/WRuZ/tUYM/nkr4TKKgUk6WeTHAkOIR9lgjytGQQwMEKq4+SumXaIIBZNg2oTgzJ48D9WjonNcPL05yZYup3Gk0D46QHnkoDNUQteojCqIogf0hF7Qq/VoPVtv1vukdcGazuyhP7I+vgHJrpth</latexit>



Early warning signals – empirical observations

Microbial populations

Dai et al. Science (2012) 

Tweets

Pananos et al. PNAS (2017)

Paleoclimate records

Dakos et al. PNAS (2008)

Cardiology

Chen et al. Nat. Comms (2012) Quail et al. PNAS (2015)



When might this type of early warning signal fail ?



Limitations

§ Enough data (>50 data points prior to transition)

§ Bifurcation parameter needs to vary sufficiently slowly

§ Abrupt change needs to be due to a local bifurcation



Procedure for computing early warning signals

§ Detrend the data if nonstationary (e.g. moving average)

§ Get residual dynamics

§ Use a rolling window to compute statistical metrics (early warning signals)

§ Determine if there is an increasing trend (using e.g. Kendall tau coefficient)

Have a go in the Jupyter notebook provided!



Class exercise


