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A few biological applications…
Infections disease modelling1

2Anderson, Alexander RA, and Vito Quaranta. "Integrative mathematical oncology." Nature Reviews Cancer 8.3 (2008): 227-234.

1Anderson, Roy M., and Robert M. May. Infectious diseases of humans: dynamics and control. Oxford university press, 1992.

Oncology2

Physiology and neuroscience3

Ecology and evolution4

4Levin, Simon A., Thomas G. Hallam, and Louis J. Gross, eds. Applied mathematical ecology. Vol. 18. Springer Science & Business Media, 2012

3Glass, Leon, and Michael C. Mackey. From clocks to chaos. Princeton University Press, 2020.



Agenda

• Linear difference equations
• Algebraic solutions
• Cobweb diagrams

• Nonlinear difference equations
• Logistic map
• Bifurcations and chaos

xt+1 = f(xt)

<latexit sha1_base64="yfNE2XYixMBz/1DOxRY1CRKSi7M=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0WoCCWRgroQim5cVrAPaEOYTCft0MkkzNyUltA/ceNCEbf+iTv/xuljoa0HLhzOuZd77wkSwTU4zreVW1vf2NzKbxd2dvf2D+zDo4aOU0VZncYiVq2AaCa4ZHXgIFgrUYxEgWDNYHA/9ZtDpjSP5ROME+ZFpCd5yCkBI/m2PfIzuHAn+BaHpZEP575ddMrODHiVuAtSRAvUfPur041pGjEJVBCt266TgJcRBZwKNil0Us0SQgekx9qGShIx7WWzyyf4zChdHMbKlAQ8U39PZCTSehwFpjMi0NfL3lT8z2unEF57GZdJCkzS+aIwFRhiPI0Bd7liFMTYEEIVN7di2ieKUDBhFUwI7vLLq6RxWXYr5ZvHSrF6t4gjj07QKSohF12hKnpANVRHFA3RM3pFb1ZmvVjv1se8NWctZo7RH1ifP8D9knU=</latexit>

Part I: Difference equations Part II: Differential equations

• Comparison with difference 
equations
• Numerical analysis

dx

dt
= f(x)

<latexit sha1_base64="xI9GVlEEmesnDemj81yRboM135c=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5JIQV0IRTcuK9gHtKFMJpN26OTBzI20huCvuHGhiFv/w51/47TNQlsPXDiccy/33uPGgiuwrG9jaXlldW29sFHc3Nre2TX39psqSiRlDRqJSLZdopjgIWsAB8HasWQkcAVrucObid96YFLxKLyHccycgPRD7nNKQEs987DrS0JTb5SlHmT4Cvvl0WnPLFkVawq8SOyclFCOes/86noRTQIWAhVEqY5txeCkRAKngmXFbqJYTOiQ9FlH05AETDnp9PoMn2jFw34kdYWAp+rviZQESo0DV3cGBAZq3puI/3mdBPwLJ+VhnAAL6WyRnwgMEZ5EgT0uGQUx1oRQyfWtmA6IjgN0YEUdgj3/8iJpnlXsauXyrlqqXedxFNAROkZlZKNzVEO3qI4aiKJH9Ixe0ZvxZLwY78bHrHXJyGcO0B8Ynz/AwZTH</latexit>



(Kaplan & Glass)

Difference equation

xt+1 = f(xt)

<latexit sha1_base64="yfNE2XYixMBz/1DOxRY1CRKSi7M=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0WoCCWRgroQim5cVrAPaEOYTCft0MkkzNyUltA/ceNCEbf+iTv/xuljoa0HLhzOuZd77wkSwTU4zreVW1vf2NzKbxd2dvf2D+zDo4aOU0VZncYiVq2AaCa4ZHXgIFgrUYxEgWDNYHA/9ZtDpjSP5ROME+ZFpCd5yCkBI/m2PfIzuHAn+BaHpZEP575ddMrODHiVuAtSRAvUfPur041pGjEJVBCt266TgJcRBZwKNil0Us0SQgekx9qGShIx7WWzyyf4zChdHMbKlAQ8U39PZCTSehwFpjMi0NfL3lT8z2unEF57GZdJCkzS+aIwFRhiPI0Bd7liFMTYEEIVN7di2ieKUDBhFUwI7vLLq6RxWXYr5ZvHSrF6t4gjj07QKSohF12hKnpANVRHFA3RM3pFb1ZmvVjv1se8NWctZo7RH1ifP8D9knU=</latexit>

Differential equation
dx

dt
= f(x)

<latexit sha1_base64="xI9GVlEEmesnDemj81yRboM135c=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5JIQV0IRTcuK9gHtKFMJpN26OTBzI20huCvuHGhiFv/w51/47TNQlsPXDiccy/33uPGgiuwrG9jaXlldW29sFHc3Nre2TX39psqSiRlDRqJSLZdopjgIWsAB8HasWQkcAVrucObid96YFLxKLyHccycgPRD7nNKQEs987DrS0JTb5SlHmT4Cvvl0WnPLFkVawq8SOyclFCOes/86noRTQIWAhVEqY5txeCkRAKngmXFbqJYTOiQ9FlH05AETDnp9PoMn2jFw34kdYWAp+rviZQESo0DV3cGBAZq3puI/3mdBPwLJ+VhnAAL6WyRnwgMEZ5EgT0uGQUx1oRQyfWtmA6IjgN0YEUdgj3/8iJpnlXsauXyrlqqXedxFNAROkZlZKNzVEO3qI4aiKJH9Ixe0ZvxZLwY78bHrHXJyGcO0B8Ynz/AwZTH</latexit>

www.populationmatters.org/population-numbers

xt

<latexit sha1_base64="P/cmp85yWas1ZiZudMu8KOcRlys=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK90897JUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4aWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enV3Xqld53EU4QiO4RQ8uIAa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wd1HI3v</latexit>

Number of flies caught the summer of year t

(Depends mostly on number of eggs laid in the 
previous year)

x(t)

<latexit sha1_base64="lVDYKGQ1VszVlM28nAbBf2fgVIw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSU9Vcz4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsIrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHz6rXr+3qlcZPHUYQTOIUqeHAJDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPhamN6w==</latexit>

World population at time t

(Depends on continuous birth and death rates)

vs.

http://www.populationmatters.org/population-numbers


Difference 
equations

Part I

xt+1 = f(xt)

<latexit sha1_base64="yfNE2XYixMBz/1DOxRY1CRKSi7M=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0WoCCWRgroQim5cVrAPaEOYTCft0MkkzNyUltA/ceNCEbf+iTv/xuljoa0HLhzOuZd77wkSwTU4zreVW1vf2NzKbxd2dvf2D+zDo4aOU0VZncYiVq2AaCa4ZHXgIFgrUYxEgWDNYHA/9ZtDpjSP5ROME+ZFpCd5yCkBI/m2PfIzuHAn+BaHpZEP575ddMrODHiVuAtSRAvUfPur041pGjEJVBCt266TgJcRBZwKNil0Us0SQgekx9qGShIx7WWzyyf4zChdHMbKlAQ8U39PZCTSehwFpjMi0NfL3lT8z2unEF57GZdJCkzS+aIwFRhiPI0Bd7liFMTYEEIVN7di2ieKUDBhFUwI7vLLq6RxWXYr5ZvHSrF6t4gjj07QKSohF12hKnpANVRHFA3RM3pFb1ZmvVjv1se8NWctZo7RH1ifP8D9knU=</latexit>



Linear difference equation

xt+1 = rxt

<latexit sha1_base64="6mHR9vHR/EeaFspvLTMHcCK511A=">AAAB9XicbVDJSgNBEK1xjXGLevTSGARBCDMSUA9C0IvHCGaBZBx6Oj1Jk56F7hpNGPIfXjwo4tV/8ebf2FkOmvig4PFeFVX1/EQKjbb9bS0tr6yurec28ptb2zu7hb39uo5TxXiNxTJWTZ9qLkXEayhQ8maiOA19yRt+/2bsNx650iKO7nGYcDek3UgEglE00sPAy/DUGZErogYeeoWiXbInIIvEmZEizFD1Cl/tTszSkEfIJNW65dgJuhlVKJjko3w71TyhrE+7vGVoREOu3Wxy9YgcG6VDgliZipBM1N8TGQ21Hoa+6Qwp9vS8Nxb/81opBhduJqIkRR6x6aIglQRjMo6AdITiDOXQEMqUMLcS1qOKMjRB5U0IzvzLi6R+VnLKpcu7crFyPYsjB4dwBCfgwDlU4BaqUAMGCp7hFd6sJ+vFerc+pq1L1mzmAP7A+vwBjb2R6w==</latexit>

xt

<latexit sha1_base64="P/cmp85yWas1ZiZudMu8KOcRlys=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK90897JUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4aWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enV3Xqld53EU4QiO4RQ8uIAa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wd1HI3v</latexit>

f(xt)

<latexit sha1_base64="397vLA+RlF9qfGVqeoTxj34hzv0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhDiJexKQL0FvXiMYB6QhDA7mU3GzM4sM71iWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dQSy4Qc/7dlZW19Y3NnNb+e2d3b39wsFhw6hEU1anSijdCohhgktWR46CtWLNSBQI1gxGN1O/+ci04Ure4zhm3YgMJA85JWilRlh66uFZr1D0yt4M7jLxM1KEDLVe4avTVzSJmEQqiDFt34uxmxKNnAo2yXcSw2JCR2TA2pZKEjHTTWfXTtxTq/TdUGlbEt2Z+nsiJZEx4yiwnRHBoVn0puJ/XjvB8LKbchknyCSdLwoT4aJyp6+7fa4ZRTG2hFDN7a0uHRJNKNqA8jYEf/HlZdI4L/uV8tVdpVi9zuLIwTGcQAl8uIAq3EIN6kDhAZ7hFd4c5bw4787HvHXFyWaO4A+czx/9Lo7E</latexit>

How can we solve this?

x0 = 100

<latexit sha1_base64="iRGNOo2IFsVpvodVSdTjOY/13LY=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqWRFUA9C0YvHCvYD2qVk02wbms0uSVYsS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZFyRSGEvINyqsrK6tbxQ3S1vbO7t75f2DpolTzXiDxTLW7YAaLoXiDSus5O1EcxoFkreC0e3Ubz1ybUSsHuw44X5EB0qEglHrpNZTj1x7hPTKFVIlM+Bl4uWkAjnqvfJXtx+zNOLKMkmN6XgksX5GtRVM8kmpmxqeUDaiA95xVNGIGz+bnTvBJ07p4zDWrpTFM/X3REYjY8ZR4Dojaodm0ZuK/3md1IaXfiZUklqu2HxRmEpsYzz9HfeF5szKsSOUaeFuxWxINWXWJVRyIXiLLy+T5lnVO69e3Z9Xajd5HEU4gmM4BQ8uoAZ3UIcGMBjBM7zCG0rQC3pHH/PWAspnDuEP0OcP32SOoQ==</latexit>

Let’s say we have 100 flies at t=0

Then…
x1 = rx0 = 100r

<latexit sha1_base64="xr9id/Bn/asER02rGox0c5i60Ks=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU9lIQT0Uil48VrAf0Iaw2W7bpZtN2N2UltB/4sWDIl79J978NyZtDtr6YODx3gwz8/xIcG0w/rYKG5tb2zvF3dLe/sHhkX180tJhrChr0lCEquMTzQSXrGm4EawTKUYCX7C2P77P/PaEKc1D+WRmEXMDMpR8wCkxqeTZ9tRzamrqYVRDDsaq5NllXMELoHXi5KQMORqe/dXrhzQOmDRUEK27Do6MmxBlOBVsXurFmkWEjsmQdVMqScC0mywun6OLVOmjQajSkgYt1N8TCQm0ngV+2hkQM9KrXib+53VjM7hxEy6j2DBJl4sGsUAmRFkMqM8Vo0bMUkKo4umtiI6IItSkYWUhOKsvr5PWVcWpVm4fq+X6XR5HEc7gHC7BgWuowwM0oAkUJvAMr/BmJdaL9W59LFsLVj5zCn9gff4AePaRnw==</latexit>

x2 = rx1 = 100r2

<latexit sha1_base64="fswgRaiu5hgHEVg3jkb9YgSW960=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrspMKagLoejGZQX7gDoOmTTThmYyQ5KR1lL8FTcuFHHrf7jzb0zbWWjrgcs9nHMvuTlBwpnSjvNt5ZaWV1bX8uuFjc2t7R17d6+h4lQSWicxj2UrwIpyJmhdM81pK5EURwGnzaB/NfGbD1QqFotbPUyoF+GuYCEjWBvJtw8GfhldIIkGvmu66zjyvuzbRafkTIEWiZuRImSo+fbXXScmaUSFJhwr1XadRHsjLDUjnI4Ld6miCSZ93KVtQwWOqPJG0+vH6NgoHRTG0pTQaKr+3hjhSKlhFJjJCOuemvcm4n9eO9XhmTdiIkk1FWT2UJhypGM0iQJ1mKRE86EhmEhmbkWkhyUm2gRWMCG4819eJI1yya2Uzm8qxeplFkceDuEITsCFU6jCNdSgDgQe4Rle4c16sl6sd+tjNpqzsp19+APr8wd7PpKv</latexit>

x3 = rx2 = 100r3

<latexit sha1_base64="1VwEGWG39Jqe0NEQB7oy/FiWHjg=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzLTFtSFUHTjsoJ9QDsOmTRtQzMPkox0GOqvuHGhiFs/xJ1/Y9rOQlsPXO7hnHvJzfEizqSyrG8jt7a+sbmV3y7s7O7tH5iHRy0ZxoLQJgl5KDoelpSzgDYVU5x2IkGx73Ha9sY3M7/9SIVkYXCvkog6Ph4GbMAIVlpyzeLEraIrJCZuRTfbssRD1TVLVtmaA60SOyMlyNBwza9ePySxTwNFOJaya1uRclIsFCOcTgu9WNIIkzEe0q6mAfapdNL58VN0qpU+GoRCV6DQXP29kWJfysT39KSP1UguezPxP68bq8GFk7IgihUNyOKhQcyRCtEsCdRnghLFE00wEUzfisgIC0yUzqugQ7CXv7xKWpWyXStf3tVK9essjjwcwwmcgQ3nUIdbaEATCCTwDK/wZjwZL8a78bEYzRnZThH+wPj8ASbEkog=</latexit>

...

<latexit sha1_base64="UtkY3XfFkhvHLcaLFvKZbOYry1c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSUG9FLx4r2FpoQ9lsNu3azW7YnRRK6X/w4kERr/4fb/4bt20O2vpg4PHeDDPzwlRwg5737RTW1jc2t4rbpZ3dvf2D8uFRy6hMU9akSijdDolhgkvWRI6CtVPNSBIK9hgOb2f+44hpw5V8wHHKgoT0JY85JWilVncUKTS9csWrenO4q8TPSQVyNHrlr26kaJYwiVQQYzq+l2IwIRo5FWxa6maGpYQOSZ91LJUkYSaYzK+dumdWidxYaVsS3bn6e2JCEmPGSWg7E4IDs+zNxP+8TobxVTDhMs2QSbpYFGfCReXOXncjrhlFMbaEUM3trS4dEE0o2oBKNgR/+eVV0rqo+rXq9X2tUr/J4yjCCZzCOfhwCXW4gwY0gcITPMMrvDnKeXHenY9Fa8HJZ47hD5zPH89Pj04=</latexit>

Solution:

xt = rtx0

<latexit sha1_base64="z38kc7S7VAwa8eo+R8MjNr3Afu4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoB6EoBePEcwDknWZncwmQ2YfzvSGhJDv8OJBEa9+jDf/xkmyB00saCiquunu8hMpNNr2t5VbWV1b38hvFra2d3b3ivsHdR2nivEai2Wsmj7VXIqI11Cg5M1EcRr6kjf8/u3Ubwy40iKOHnCUcDek3UgEglE0kjv0kFwT9Yhk6NlesWSX7RnIMnEyUoIMVa/41e7ELA15hExSrVuOnaA7pgoFk3xSaKeaJ5T1aZe3DI1oyLU7nh09ISdG6ZAgVqYiJDP198SYhlqPQt90hhR7etGbiv95rRSDS3csoiRFHrH5oiCVBGMyTYB0hOIM5cgQypQwtxLWo4oyNDkVTAjO4svLpH5Wds7LV/fnpcpNFkcejuAYTsGBC6jAHVShBgye4Ble4c0aWC/Wu/Uxb81Z2cwh/IH1+QNnV5E7</latexit>



Case r > 1

xt+1 = rxt

<latexit sha1_base64="6mHR9vHR/EeaFspvLTMHcCK511A=">AAAB9XicbVDJSgNBEK1xjXGLevTSGARBCDMSUA9C0IvHCGaBZBx6Oj1Jk56F7hpNGPIfXjwo4tV/8ebf2FkOmvig4PFeFVX1/EQKjbb9bS0tr6yurec28ptb2zu7hb39uo5TxXiNxTJWTZ9qLkXEayhQ8maiOA19yRt+/2bsNx650iKO7nGYcDek3UgEglE00sPAy/DUGZErogYeeoWiXbInIIvEmZEizFD1Cl/tTszSkEfIJNW65dgJuhlVKJjko3w71TyhrE+7vGVoREOu3Wxy9YgcG6VDgliZipBM1N8TGQ21Hoa+6Qwp9vS8Nxb/81opBhduJqIkRR6x6aIglQRjMo6AdITiDOXQEMqUMLcS1qOKMjRB5U0IzvzLi6R+VnLKpcu7crFyPYsjB4dwBCfgwDlU4BaqUAMGCp7hFd6sJ+vFerc+pq1L1mzmAP7A+vwBjb2R6w==</latexit>

xt = rtx0

<latexit sha1_base64="z38kc7S7VAwa8eo+R8MjNr3Afu4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoB6EoBePEcwDknWZncwmQ2YfzvSGhJDv8OJBEa9+jDf/xkmyB00saCiquunu8hMpNNr2t5VbWV1b38hvFra2d3b3ivsHdR2nivEai2Wsmj7VXIqI11Cg5M1EcRr6kjf8/u3Ubwy40iKOHnCUcDek3UgEglE0kjv0kFwT9Yhk6NlesWSX7RnIMnEyUoIMVa/41e7ELA15hExSrVuOnaA7pgoFk3xSaKeaJ5T1aZe3DI1oyLU7nh09ISdG6ZAgVqYiJDP198SYhlqPQt90hhR7etGbiv95rRSDS3csoiRFHrH5oiCVBGMyTYB0hOIM5cgQypQwtxLWo4oyNDkVTAjO4svLpH5Wds7LV/fnpcpNFkcejuAYTsGBC6jAHVShBgye4Ble4c0aWC/Wu/Uxb81Z2cwh/IH1+QNnV5E7</latexit>

xt = 100.2t

<latexit sha1_base64="ZtbtzH0LkXTphz4SxyYtdOVAsLw=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8LbshoB6EoBePEcwDkjXMTmaTIbMPZ3qDIeQ7vHhQxKsf482/cZLsQRMLGoqqbrq7/EQKjY7zba2srq1vbOa28ts7u3v7hYPDuo5TxXiNxTJWTZ9qLkXEayhQ8maiOA19yRv+4GbqN4ZcaRFH9zhKuBfSXiQCwSgayXvqILkiruPYpQfsFIqO7cxAlombkSJkqHYKX+1uzNKQR8gk1brlOgl6Y6pQMMkn+XaqeULZgPZ4y9CIhlx749nRE3JqlC4JYmUqQjJTf0+Maaj1KPRNZ0ixrxe9qfif10oxuPDGIkpS5BGbLwpSSTAm0wRIVyjOUI4MoUwJcythfaooQ5NT3oTgLr68TOol2y3bl3flYuU6iyMHx3ACZ+DCOVTgFqpQAwaP8Ayv8GYNrRfr3fqYt65Y2cwR/IH1+QNkyZCT</latexit>

t

<latexit sha1_base64="J0cIIe9QtxxvaLVWr4GJH/cYRmQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWz3bRrN5uwOxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfDvzH564NiJW9zhJuB/RoRKhYBSt1MR+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn80On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mgyE5gzlxBLKtLC3EjaimjK02ZRsCN7yy6ukfVH1atXrZq1Sv8njKMIJnMI5eHAJdbiDBrSAAYdneIU359F5cd6dj0VrwclnjuEPnM8f5AmNBA==</latexit>

xt

<latexit sha1_base64="P/cmp85yWas1ZiZudMu8KOcRlys=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK90897JUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4aWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enV3Xqld53EU4QiO4RQ8uIAa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wd1HI3v</latexit>

Exponential growth

as 𝑡 → ∞ ?
xt ! 1

<latexit sha1_base64="D7Fs6tBmoyFl/kC7WLedp5vgOfE=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqexKQb0VvXisYD+gu5Rsmm1Ds8mazBbL0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2Obmd+e8y04Uo+wCRhQUwGkkecErBS8NQD7IPyuYxg0itX3Ko7B14lXk4qKEejV/7y+4qmMZNABTGm67kJBBnRwKlg05KfGpYQOiID1rVUkpiZIJsfPcVnVunjSGlbEvBc/T2RkdiYSRzazpjA0Cx7M/E/r5tCdBVkXCYpMEkXi6JUYFB4lgDuc80oiIklhGpub8V0SDShYHMq2RC85ZdXSeui6tWq1/e1Sv0mj6OITtApOkceukR1dIcaqIkoekTP6BW9OWPnxXl3PhatBSefOUZ/4Hz+AOqxkjg=</latexit>



Case 0< r < 1

xt+1 = rxt

<latexit sha1_base64="6mHR9vHR/EeaFspvLTMHcCK511A=">AAAB9XicbVDJSgNBEK1xjXGLevTSGARBCDMSUA9C0IvHCGaBZBx6Oj1Jk56F7hpNGPIfXjwo4tV/8ebf2FkOmvig4PFeFVX1/EQKjbb9bS0tr6yurec28ptb2zu7hb39uo5TxXiNxTJWTZ9qLkXEayhQ8maiOA19yRt+/2bsNx650iKO7nGYcDek3UgEglE00sPAy/DUGZErogYeeoWiXbInIIvEmZEizFD1Cl/tTszSkEfIJNW65dgJuhlVKJjko3w71TyhrE+7vGVoREOu3Wxy9YgcG6VDgliZipBM1N8TGQ21Hoa+6Qwp9vS8Nxb/81opBhduJqIkRR6x6aIglQRjMo6AdITiDOXQEMqUMLcS1qOKMjRB5U0IzvzLi6R+VnLKpcu7crFyPYsjB4dwBCfgwDlU4BaqUAMGCp7hFd6sJ+vFerc+pq1L1mzmAP7A+vwBjb2R6w==</latexit>

xt = rtx0

<latexit sha1_base64="z38kc7S7VAwa8eo+R8MjNr3Afu4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoB6EoBePEcwDknWZncwmQ2YfzvSGhJDv8OJBEa9+jDf/xkmyB00saCiquunu8hMpNNr2t5VbWV1b38hvFra2d3b3ivsHdR2nivEai2Wsmj7VXIqI11Cg5M1EcRr6kjf8/u3Ubwy40iKOHnCUcDek3UgEglE0kjv0kFwT9Yhk6NlesWSX7RnIMnEyUoIMVa/41e7ELA15hExSrVuOnaA7pgoFk3xSaKeaJ5T1aZe3DI1oyLU7nh09ISdG6ZAgVqYiJDP198SYhlqPQt90hhR7etGbiv95rRSDS3csoiRFHrH5oiCVBGMyTYB0hOIM5cgQypQwtxLWo4oyNDkVTAjO4svLpH5Wds7LV/fnpcpNFkcejuAYTsGBC6jAHVShBgye4Ble4c0aWC/Wu/Uxb81Z2cwh/IH1+QNnV5E7</latexit>

t

<latexit sha1_base64="J0cIIe9QtxxvaLVWr4GJH/cYRmQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWz3bRrN5uwOxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfDvzH564NiJW9zhJuB/RoRKhYBSt1MR+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn80On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mgyE5gzlxBLKtLC3EjaimjK02ZRsCN7yy6ukfVH1atXrZq1Sv8njKMIJnMI5eHAJdbiDBrSAAYdneIU359F5cd6dj0VrwclnjuEPnM8f5AmNBA==</latexit>

xt

<latexit sha1_base64="P/cmp85yWas1ZiZudMu8KOcRlys=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK90897JUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4aWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enV3Xqld53EU4QiO4RQ8uIAa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wd1HI3v</latexit>

xt = 100.(0.5t)

<latexit sha1_base64="jVh0J/zizfdA8CmduFlaPlhMqBQ=">AAAB+HicbVDLSsNAFJ34rPXRqEs3wSLUTZhIRV0IRTcuK9gHtDFMppN26OTBzI1YQ7/EjQtF3Pop7vwbp20W2nrgwuGce7n3Hj8RXAHG38bS8srq2npho7i5tb1TMnf3mipOJWUNGotYtn2imOARawAHwdqJZCT0BWv5w+uJ33pgUvE4uoNRwtyQ9CMecEpAS55ZevTg0sHYrmD79B6OPbOMbTyFtUicnJRRjrpnfnV7MU1DFgEVRKmOgxNwMyKBU8HGxW6qWELokPRZR9OIhEy52fTwsXWklZ4VxFJXBNZU/T2RkVCpUejrzpDAQM17E/E/r5NCcO5mPEpSYBGdLQpSYUFsTVKwelwyCmKkCaGS61stOiCSUNBZFXUIzvzLi6R5YjtV++K2Wq5d5XEU0AE6RBXkoDNUQzeojhqIohQ9o1f0ZjwZL8a78TFrXTLymX30B8bnD9s9kUo=</latexit>

Exponential decay

as 𝑡 → ∞ ?
xt ! 0

<latexit sha1_base64="jg4BWfXf6a2tnFKd4tc1C5cigUk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbtqlm03YnYgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789iPXRsTqAScJ9yM6VCIUjKKV2k997GHs9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2LqlerXt/XKvWbPI4inMApnIMHl1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AE8yI+G</latexit>



Case r=1

xt+1 = rxt

<latexit sha1_base64="6mHR9vHR/EeaFspvLTMHcCK511A=">AAAB9XicbVDJSgNBEK1xjXGLevTSGARBCDMSUA9C0IvHCGaBZBx6Oj1Jk56F7hpNGPIfXjwo4tV/8ebf2FkOmvig4PFeFVX1/EQKjbb9bS0tr6yurec28ptb2zu7hb39uo5TxXiNxTJWTZ9qLkXEayhQ8maiOA19yRt+/2bsNx650iKO7nGYcDek3UgEglE00sPAy/DUGZErogYeeoWiXbInIIvEmZEizFD1Cl/tTszSkEfIJNW65dgJuhlVKJjko3w71TyhrE+7vGVoREOu3Wxy9YgcG6VDgliZipBM1N8TGQ21Hoa+6Qwp9vS8Nxb/81opBhduJqIkRR6x6aIglQRjMo6AdITiDOXQEMqUMLcS1qOKMjRB5U0IzvzLi6R+VnLKpcu7crFyPYsjB4dwBCfgwDlU4BaqUAMGCp7hFd6sJ+vFerc+pq1L1mzmAP7A+vwBjb2R6w==</latexit>

xt = rtx0

<latexit sha1_base64="z38kc7S7VAwa8eo+R8MjNr3Afu4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoB6EoBePEcwDknWZncwmQ2YfzvSGhJDv8OJBEa9+jDf/xkmyB00saCiquunu8hMpNNr2t5VbWV1b38hvFra2d3b3ivsHdR2nivEai2Wsmj7VXIqI11Cg5M1EcRr6kjf8/u3Ubwy40iKOHnCUcDek3UgEglE0kjv0kFwT9Yhk6NlesWSX7RnIMnEyUoIMVa/41e7ELA15hExSrVuOnaA7pgoFk3xSaKeaJ5T1aZe3DI1oyLU7nh09ISdG6ZAgVqYiJDP198SYhlqPQt90hhR7etGbiv95rRSDS3csoiRFHrH5oiCVBGMyTYB0hOIM5cgQypQwtxLWo4oyNDkVTAjO4svLpH5Wds7LV/fnpcpNFkcejuAYTsGBC6jAHVShBgye4Ble4c0aWC/Wu/Uxb81Z2cwh/IH1+QNnV5E7</latexit>

xt = 100.(1t)

<latexit sha1_base64="mbGR4qc58Ywls8BcOr547htLO74=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahXkIiBfUgFL14rGA/oI1ls920SzebuDspltDf4cWDIl79Md78N27bHLT1wcDjvRlm5vmx4Boc59vKrayurW/kNwtb2zu7e8X9g4aOEkVZnUYiUi2faCa4ZHXgIFgrVoyEvmBNf3gz9ZsjpjSP5D2MY+aFpC95wCkBI3lPXbhyHccuuw9w2i2WHNuZAS8TNyMllKHWLX51ehFNQiaBCqJ123Vi8FKigFPBJoVOollM6JD0WdtQSUKmvXR29ASfGKWHg0iZkoBn6u+JlIRaj0PfdIYEBnrRm4r/ee0Eggsv5TJOgEk6XxQkAkOEpwngHleMghgbQqji5lZMB0QRCianggnBXXx5mTTObLdiX95VStXrLI48OkLHqIxcdI6q6BbVUB1R9Iie0St6s0bWi/Vufcxbc1Y2c4j+wPr8AX5lkKM=</latexit>

Fixed point / Steady state 

as 𝑡 → ∞ ?
xt ! x0

<latexit sha1_base64="8nZMgeg3A1QuPN6Ca8KAU3IftZM=">AAAB8XicbVDLSsNAFL2pr1pfVZdugkVwVRIpqLuiG5cV7APbECbTSTt0MgkzN9IS+hduXCji1r9x5984bbPQ1gMDh3PuZe45QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCopeNUUdaksYhVJyCaCS5ZEzkK1kkUI1EgWDsY3c789hNTmsfyAScJ8yIykDzklKCRHsc+9jC2x77jlytO1ZnDXiVuTiqQo+GXv3r9mKYRk0gF0brrOgl6GVHIqWDTUi/VLCF0RAasa6gkEdNeNr94ap8ZpW+HsTJPoj1Xf29kJNJ6EgVmMiI41MveTPzP66YYXnkZl0mKTNLFR2EqbBNyFt/uc8UoiokhhCpubrXpkChC0ZRUMiW4y5FXSeui6taq1/e1Sv0mr6MIJ3AK5+DCJdThDhrQBAoSnuEV3ixtvVjv1sditGDlO8fwB9bnDytlkJs=</latexit>

xt

<latexit sha1_base64="P/cmp85yWas1ZiZudMu8KOcRlys=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK90897JUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4aWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enV3Xqld53EU4QiO4RQ8uIAa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wd1HI3v</latexit>

t

<latexit sha1_base64="J0cIIe9QtxxvaLVWr4GJH/cYRmQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWz3bRrN5uwOxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfDvzH564NiJW9zhJuB/RoRKhYBSt1MR+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn80On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mgyE5gzlxBLKtLC3EjaimjK02ZRsCN7yy6ukfVH1atXrZq1Sv8njKMIJnMI5eHAJdbiDBrSAAYdneIU359F5cd6dj0VrwclnjuEPnM8f5AmNBA==</latexit>



Case -1< r < 0

xt+1 = rxt

<latexit sha1_base64="6mHR9vHR/EeaFspvLTMHcCK511A=">AAAB9XicbVDJSgNBEK1xjXGLevTSGARBCDMSUA9C0IvHCGaBZBx6Oj1Jk56F7hpNGPIfXjwo4tV/8ebf2FkOmvig4PFeFVX1/EQKjbb9bS0tr6yurec28ptb2zu7hb39uo5TxXiNxTJWTZ9qLkXEayhQ8maiOA19yRt+/2bsNx650iKO7nGYcDek3UgEglE00sPAy/DUGZErogYeeoWiXbInIIvEmZEizFD1Cl/tTszSkEfIJNW65dgJuhlVKJjko3w71TyhrE+7vGVoREOu3Wxy9YgcG6VDgliZipBM1N8TGQ21Hoa+6Qwp9vS8Nxb/81opBhduJqIkRR6x6aIglQRjMo6AdITiDOXQEMqUMLcS1qOKMjRB5U0IzvzLi6R+VnLKpcu7crFyPYsjB4dwBCfgwDlU4BaqUAMGCp7hFd6sJ+vFerc+pq1L1mzmAP7A+vwBjb2R6w==</latexit>

xt = rtx0

<latexit sha1_base64="z38kc7S7VAwa8eo+R8MjNr3Afu4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoB6EoBePEcwDknWZncwmQ2YfzvSGhJDv8OJBEa9+jDf/xkmyB00saCiquunu8hMpNNr2t5VbWV1b38hvFra2d3b3ivsHdR2nivEai2Wsmj7VXIqI11Cg5M1EcRr6kjf8/u3Ubwy40iKOHnCUcDek3UgEglE0kjv0kFwT9Yhk6NlesWSX7RnIMnEyUoIMVa/41e7ELA15hExSrVuOnaA7pgoFk3xSaKeaJ5T1aZe3DI1oyLU7nh09ISdG6ZAgVqYiJDP198SYhlqPQt90hhR7etGbiv95rRSDS3csoiRFHrH5oiCVBGMyTYB0hOIM5cgQypQwtxLWo4oyNDkVTAjO4svLpH5Wds7LV/fnpcpNFkcejuAYTsGBC6jAHVShBgye4Ble4c0aWC/Wu/Uxb81Z2cwh/IH1+QNnV5E7</latexit>

xt = 100.(�0.5t)

<latexit sha1_base64="isQh0NhKXLRtqhkOOKGh6a9H0jY=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0GIB5ddiagHIejFYwTzgGRdZieTZMjsg5leNaz5FC8eFPHql3jzb5wke9DEgoaiqpvuLj8WXIFtfxsLi0vLK6u5tfz6xubWtlnYqasokZTVaCQi2fSJYoKHrAYcBGvGkpHAF6zhD67GfuOeScWj8BaGMXMD0gt5l1MCWvLMwqMH+MKxbat0ZFsnd3DomUXbsifA88TJSBFlqHrmV7sT0SRgIVBBlGo5dgxuSiRwKtgo304UiwkdkB5raRqSgCk3nZw+wgda6eBuJHWFgCfq74mUBEoNA193BgT6atYbi/95rQS6Z27KwzgBFtLpom4iMER4nAPucMkoiKEmhEqub8W0TyShoNPK6xCc2ZfnSf3YcsrW+U25WLnM4sihPbSPSshBp6iCrlEV1RBFD+gZvaI348l4Md6Nj2nrgpHN7KI/MD5/AKCokas=</latexit>

Oscillatory decay

as 𝑡 → ∞ ?
<latexit sha1_base64="tnlzcBsckbKrO+5yZEryTAU6KKg=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7APaoWTSTBuayYzJHbEM/Qk3LhRx6++4829M21lo64HA4Zx7yT0nSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFjd4zjhfkQHSoSCUbRS+6mHXYyJ2ytX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx274ScWKVPwljbp5DM1N8bGY2MGUeBnYwoDs2iNxX/8zophld+JlSSIlds/lGYSmIjTsOTvtCcoRxbQpkW9lbChlRThraiki3BW4y8TJpnVe+ien53Xqld53UU4QiO4RQ8uIQa3EIdGsBAwjO8wpvz4Lw4787HfLTg5DuH8AfO5w+T8I+t</latexit>

xt ! 0

xt

<latexit sha1_base64="P/cmp85yWas1ZiZudMu8KOcRlys=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK90897JUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4aWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enV3Xqld53EU4QiO4RQ8uIAa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wd1HI3v</latexit>

t

<latexit sha1_base64="J0cIIe9QtxxvaLVWr4GJH/cYRmQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWz3bRrN5uwOxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfDvzH564NiJW9zhJuB/RoRKhYBSt1MR+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn80On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mgyE5gzlxBLKtLC3EjaimjK02ZRsCN7yy6ukfVH1atXrZq1Sv8njKMIJnMI5eHAJdbiDBrSAAYdneIU359F5cd6dj0VrwclnjuEPnM8f5AmNBA==</latexit>



Case r < -1

xt+1 = rxt

<latexit sha1_base64="6mHR9vHR/EeaFspvLTMHcCK511A=">AAAB9XicbVDJSgNBEK1xjXGLevTSGARBCDMSUA9C0IvHCGaBZBx6Oj1Jk56F7hpNGPIfXjwo4tV/8ebf2FkOmvig4PFeFVX1/EQKjbb9bS0tr6yurec28ptb2zu7hb39uo5TxXiNxTJWTZ9qLkXEayhQ8maiOA19yRt+/2bsNx650iKO7nGYcDek3UgEglE00sPAy/DUGZErogYeeoWiXbInIIvEmZEizFD1Cl/tTszSkEfIJNW65dgJuhlVKJjko3w71TyhrE+7vGVoREOu3Wxy9YgcG6VDgliZipBM1N8TGQ21Hoa+6Qwp9vS8Nxb/81opBhduJqIkRR6x6aIglQRjMo6AdITiDOXQEMqUMLcS1qOKMjRB5U0IzvzLi6R+VnLKpcu7crFyPYsjB4dwBCfgwDlU4BaqUAMGCp7hFd6sJ+vFerc+pq1L1mzmAP7A+vwBjb2R6w==</latexit>

xt = rtx0

<latexit sha1_base64="z38kc7S7VAwa8eo+R8MjNr3Afu4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoB6EoBePEcwDknWZncwmQ2YfzvSGhJDv8OJBEa9+jDf/xkmyB00saCiquunu8hMpNNr2t5VbWV1b38hvFra2d3b3ivsHdR2nivEai2Wsmj7VXIqI11Cg5M1EcRr6kjf8/u3Ubwy40iKOHnCUcDek3UgEglE0kjv0kFwT9Yhk6NlesWSX7RnIMnEyUoIMVa/41e7ELA15hExSrVuOnaA7pgoFk3xSaKeaJ5T1aZe3DI1oyLU7nh09ISdG6ZAgVqYiJDP198SYhlqPQt90hhR7etGbiv95rRSDS3csoiRFHrH5oiCVBGMyTYB0hOIM5cgQypQwtxLWo4oyNDkVTAjO4svLpH5Wds7LV/fnpcpNFkcejuAYTsGBC6jAHVShBgye4Ble4c0aWC/Wu/Uxb81Z2cwh/IH1+QNnV5E7</latexit>

xt = 100.(�2)t

<latexit sha1_base64="SWtaeVGSyvxsMIsH3C2t7A9Qq3w=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAI8WDYDQH1IAS9eIxgHpCsy+xkNhky+2CmV4xLvsSLB0W8+ine/BsnyR40saChqOqmu8uLBVdgWd9GbmV1bX0jv1nY2t7ZLZp7+y0VJZKyJo1EJDseUUzwkDWBg2CdWDISeIK1vdH11G8/MKl4FN7BOGZOQAYh9zkloCXXLD66gC9ty6qUT6sn9+CaJatizYCXiZ2REsrQcM2vXj+iScBCoIIo1bWtGJyUSOBUsEmhlygWEzoiA9bVNCQBU046O3yCj7XSx34kdYWAZ+rviZQESo0DT3cGBIZq0ZuK/3ndBPxzJ+VhnAAL6XyRnwgMEZ6mgPtcMgpirAmhkutbMR0SSSjorAo6BHvx5WXSqlbsWuXitlaqX2Vx5NEhOkJlZKMzVEc3qIGaiKIEPaNX9GY8GS/Gu/Exb80Z2cwB+gPj8we7rJE2</latexit>

Oscillatory growth

as 𝑡 → ∞ ?
<latexit sha1_base64="oF6dSqo+mf3hMavj55m4bgdGONc=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIqMeiF48V7Ac0IWy2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZemAquwXG+rdLK6tr6RnmzsrW9s7tnV/fbOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLR9dTv3DOleSLvYJwyPyYDySNOCRgpsKuPAXiQYC+NscdlBOPArjl1Zwa8TNyC1FCBZmB/ef2EZjGTQAXRuuc6Kfg5UcCpYJOKl2mWEjoiA9YzVJKYaT+fnT7Bx0bp4yhRpiTgmfp7Iiex1uM4NJ0xgaFe9Kbif14vg+jSz7lMM2CSzhdFmcDm12kOuM8VoyDGhhCquLkV0yFRhIJJq2JCcBdfXibt07p7Xj+7Pas1roo4yugQHaET5KIL1EA3qIlaiKIH9Ixe0Zv1ZL1Y79bHvLVkFTMH6A+szx8WzJPn</latexit>

xt ! ±1

xt

<latexit sha1_base64="P/cmp85yWas1ZiZudMu8KOcRlys=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK90897JUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4aWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enV3Xqld53EU4QiO4RQ8uIAa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wd1HI3v</latexit>

t

<latexit sha1_base64="J0cIIe9QtxxvaLVWr4GJH/cYRmQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWz3bRrN5uwOxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfDvzH564NiJW9zhJuB/RoRKhYBSt1MR+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn80On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mgyE5gzlxBLKtLC3EjaimjK02ZRsCN7yy6ukfVH1atXrZq1Sv8njKMIJnMI5eHAJdbiDBrSAAYdneIU359F5cd6dj0VrwclnjuEPnM8f5AmNBA==</latexit>



Case r = -1

xt+1 = rxt

<latexit sha1_base64="6mHR9vHR/EeaFspvLTMHcCK511A=">AAAB9XicbVDJSgNBEK1xjXGLevTSGARBCDMSUA9C0IvHCGaBZBx6Oj1Jk56F7hpNGPIfXjwo4tV/8ebf2FkOmvig4PFeFVX1/EQKjbb9bS0tr6yurec28ptb2zu7hb39uo5TxXiNxTJWTZ9qLkXEayhQ8maiOA19yRt+/2bsNx650iKO7nGYcDek3UgEglE00sPAy/DUGZErogYeeoWiXbInIIvEmZEizFD1Cl/tTszSkEfIJNW65dgJuhlVKJjko3w71TyhrE+7vGVoREOu3Wxy9YgcG6VDgliZipBM1N8TGQ21Hoa+6Qwp9vS8Nxb/81opBhduJqIkRR6x6aIglQRjMo6AdITiDOXQEMqUMLcS1qOKMjRB5U0IzvzLi6R+VnLKpcu7crFyPYsjB4dwBCfgwDlU4BaqUAMGCp7hFd6sJ+vFerc+pq1L1mzmAP7A+vwBjb2R6w==</latexit>

xt = rtx0

<latexit sha1_base64="z38kc7S7VAwa8eo+R8MjNr3Afu4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoB6EoBePEcwDknWZncwmQ2YfzvSGhJDv8OJBEa9+jDf/xkmyB00saCiquunu8hMpNNr2t5VbWV1b38hvFra2d3b3ivsHdR2nivEai2Wsmj7VXIqI11Cg5M1EcRr6kjf8/u3Ubwy40iKOHnCUcDek3UgEglE0kjv0kFwT9Yhk6NlesWSX7RnIMnEyUoIMVa/41e7ELA15hExSrVuOnaA7pgoFk3xSaKeaJ5T1aZe3DI1oyLU7nh09ISdG6ZAgVqYiJDP198SYhlqPQt90hhR7etGbiv95rRSDS3csoiRFHrH5oiCVBGMyTYB0hOIM5cgQypQwtxLWo4oyNDkVTAjO4svLpH5Wds7LV/fnpcpNFkcejuAYTsGBC6jAHVShBgye4Ble4c0aWC/Wu/Uxb81Z2cwh/IH1+QNnV5E7</latexit>

xt

<latexit sha1_base64="P/cmp85yWas1ZiZudMu8KOcRlys=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK90897JUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4aWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enV3Xqld53EU4QiO4RQ8uIAa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wd1HI3v</latexit>

t

<latexit sha1_base64="J0cIIe9QtxxvaLVWr4GJH/cYRmQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWz3bRrN5uwOxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfDvzH564NiJW9zhJuB/RoRKhYBSt1MR+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn80On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mgyE5gzlxBLKtLC3EjaimjK02ZRsCN7yy6ukfVH1atXrZq1Sv8njKMIJnMI5eHAJdbiDBrSAAYdneIU359F5cd6dj0VrwclnjuEPnM8f5AmNBA==</latexit>

Periodic cycle
(period 2)

as 𝑡 → ∞ ?
<latexit sha1_base64="VBVCKWmkirJybon+4TisItUl2lw=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LXjxWsB/QhLDZbtqlu0nY3Uhr6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzwpQzpR3n2yqtrW9sbpW3Kzu7e/tV++CwrZJMEtoiCU9kN8SKchbTlmaa024qKRYhp51wdDvzO49UKpbED3qSUl/gQcwiRrA2UmBXx4FGnk6Qlwo0DpzArjl1Zw60StyC1KBAM7C/vH5CMkFjTThWquc6qfZzLDUjnE4rXqZoiskID2jP0BgLqvx8fvgUnRqlj6JEmoo1mqu/J3IslJqI0HQKrIdq2ZuJ/3m9TEfXfs7iNNM0JotFUcaReXSWAuozSYnmE0MwkczcisgQS0y0yapiQnCXX14l7fO6e1m/uL+oNW6KOMpwDCdwBi5cQQPuoAktIJDBM7zCm/VkvVjv1seitWQVM0fwB9bnD6paknQ=</latexit>

xt ! ±x0

<latexit sha1_base64="+Edt/Ewq7W/GDAApqBucvyYTb2E=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0WoC0MiRd0IRTcuK9gHtDFMppN26OTBzE2xhP6JGxeKuPVP3Pk3TtsstPXAhcM593LvPX4iuALb/jYKK6tr6xvFzdLW9s7unrl/0FRxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH95O/daIScXj6AHGCXND0o94wCkBLXmm+eQBvsaObVuVM+f0ETyzbFv2DHiZODkpoxx1z/zq9mKahiwCKohSHcdOwM2IBE4Fm5S6qWIJoUPSZx1NIxIy5Wazyyf4RCs9HMRSVwR4pv6eyEio1Dj0dWdIYKAWvan4n9dJIbhyMx4lKbCIzhcFqcAQ42kMuMcloyDGmhAqub4V0wGRhIIOq6RDcBZfXibNc8u5sKr31XLtJo+jiI7QMaogB12iGrpDddRAFI3QM3pFb0ZmvBjvxse8tWDkM4foD4zPHxHJkVw=</latexit>

xt = 100.(�1)t



Graphical iteration – cobweb plots
Analytic solution can intractable – graphical iteration provides a quick qualitative description

<latexit sha1_base64="dy+QW8qX42csBkHU7YE0nBgnYFw=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBZBEEpSinoRil48VrAf0Maw2W7apZtN2J1oS+j/8OJBEa/+F2/+G7dtDtr6YODx3gwz8/xYcA22/W3lVlbX1jfym4Wt7Z3dveL+QVNHiaKsQSMRqbZPNBNcsgZwEKwdK0ZCX7CWP7yZ+q1HpjSP5D2MY+aGpC95wCkBIz2MvBTOnAm+wpWRB16xZJftGfAycTJSQhnqXvGr24toEjIJVBCtO44dg5sSBZwKNil0E81iQoekzzqGShIy7aazqyf4xCg9HETKlAQ8U39PpCTUehz6pjMkMNCL3lT8z+skEFy6KZdxAkzS+aIgERgiPI0A97hiFMTYEEIVN7diOiCKUDBBFUwIzuLLy6RZKTvn5epdtVS7zuLIoyN0jE6Rgy5QDd2iOmogihR6Rq/ozXqyXqx362PemrOymUP0B9bnDysLkag=</latexit>

xt+1 = 2xt
<latexit sha1_base64="wIPvNPzOLelm/MqacXOLTHjWLAo=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIexK8HELePEYwTwgWcLsZDYZMju7zPSKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2CxsFbd3dvf2SweHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqtx65NiJWDzhOuB/RgRKhYBSt1HrqZXjuTXqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/Nzp2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjtZ0IlKXLF5ovCVBKMyfR30heaM5RjSyjTwt5K2JBqytAmVLQheIsvL5PmRcW7rFTvq+XaTR5HAY7hBM7AgyuowR3UoQEMRvAMr/DmJM6L8+58zFtXnHzmCP7A+fwBD8mPXw==</latexit>xt+1

<latexit sha1_base64="mxrrDj5MP7U09FbFFHonPxdvMrc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKexK8HELePEYwTwgWcLsZDYZMjO7zPSKIeQXvHhQxKs/5M2/cTfZgyYWNBRV3XR3BbEUFl332ymsrW9sbhW3Szu7e/sH5cOjlo0Sw3iTRTIynYBaLoXmTRQoeSc2nKpA8nYwvs389iM3VkT6AScx9xUdahEKRjGTnvpI+uWKW3XnIKvEy0kFcjT65a/eIGKJ4hqZpNZ2PTdGf0oNCib5rNRLLI8pG9Mh76ZUU8WtP53fOiNnqTIgYWTS0kjm6u+JKVXWTlSQdiqKI7vsZeJ/XjfB8NqfCh0nyDVbLAoTSTAi2eNkIAxnKCcpocyI9FbCRtRQhmk8pTQEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIHBCJ7hFd4c5bw4787HorXg5DPH8AfO5w/IKI4N</latexit>xt

<latexit sha1_base64="wIPvNPzOLelm/MqacXOLTHjWLAo=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIexK8HELePEYwTwgWcLsZDYZMju7zPSKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2CxsFbd3dvf2SweHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqtx65NiJWDzhOuB/RgRKhYBSt1HrqZXjuTXqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/Nzp2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjtZ0IlKXLF5ovCVBKMyfR30heaM5RjSyjTwt5K2JBqytAmVLQheIsvL5PmRcW7rFTvq+XaTR5HAY7hBM7AgyuowR3UoQEMRvAMr/DmJM6L8+58zFtXnHzmCP7A+fwBD8mPXw==</latexit>xt+1

<latexit sha1_base64="mxrrDj5MP7U09FbFFHonPxdvMrc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKexK8HELePEYwTwgWcLsZDYZMjO7zPSKIeQXvHhQxKs/5M2/cTfZgyYWNBRV3XR3BbEUFl332ymsrW9sbhW3Szu7e/sH5cOjlo0Sw3iTRTIynYBaLoXmTRQoeSc2nKpA8nYwvs389iM3VkT6AScx9xUdahEKRjGTnvpI+uWKW3XnIKvEy0kFcjT65a/eIGKJ4hqZpNZ2PTdGf0oNCib5rNRLLI8pG9Mh76ZUU8WtP53fOiNnqTIgYWTS0kjm6u+JKVXWTlSQdiqKI7vsZeJ/XjfB8NqfCh0nyDVbLAoTSTAi2eNkIAxnKCcpocyI9FbCRtRQhmk8pTQEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIHBCJ7hFd4c5bw4787HorXg5DPH8AfO5w/IKI4N</latexit>xt

<latexit sha1_base64="DAb06ijNnv73GjyoJoN6iWSjW9E=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiCUBKpj41QdOOygn1AG8JkOmmHTiZh5qa0hP6JGxeKuPVP3Pk3TtsstPXAhcM593LvPUEiuAbH+bZWVtfWNzYLW8Xtnd29ffvgsKHjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgzGNxP/eaQKc1j+QTjhHkR6UkeckrASL5tj/wMzt0JvsVO+XLkg2+XnLIzA14mbk5KKEfNt7863ZimEZNABdG67ToJeBlRwKlgk2In1SwhdEB6rG2oJBHTXja7fIJPjdLFYaxMScAz9fdERiKtx1FgOiMCfb3oTcX/vHYK4Y2XcZmkwCSdLwpTgSHG0xhwlytGQYwNIVRxcyumfaIIBRNW0YTgLr68TBoXZfeqXHmslKp3eRwFdIxO0Bly0TWqogdUQ3VE0RA9o1f0ZmXWi/VufcxbV6x85gj9gfX5A4fZkk4=</latexit>

xt+1 = 0.5xt



Graphical iteration – cobweb plots

<latexit sha1_base64="dy+QW8qX42csBkHU7YE0nBgnYFw=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBZBEEpSinoRil48VrAf0Maw2W7apZtN2J1oS+j/8OJBEa/+F2/+G7dtDtr6YODx3gwz8/xYcA22/W3lVlbX1jfym4Wt7Z3dveL+QVNHiaKsQSMRqbZPNBNcsgZwEKwdK0ZCX7CWP7yZ+q1HpjSP5D2MY+aGpC95wCkBIz2MvBTOnAm+wpWRB16xZJftGfAycTJSQhnqXvGr24toEjIJVBCtO44dg5sSBZwKNil0E81iQoekzzqGShIy7aazqyf4xCg9HETKlAQ8U39PpCTUehz6pjMkMNCL3lT8z+skEFy6KZdxAkzS+aIgERgiPI0A97hiFMTYEEIVN7diOiCKUDBBFUwIzuLLy6RZKTvn5epdtVS7zuLIoyN0jE6Rgy5QDd2iOmogihR6Rq/ozXqyXqx362PemrOymUP0B9bnDysLkag=</latexit>

xt+1 = 2xt
<latexit sha1_base64="wIPvNPzOLelm/MqacXOLTHjWLAo=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIexK8HELePEYwTwgWcLsZDYZMju7zPSKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2CxsFbd3dvf2SweHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqtx65NiJWDzhOuB/RgRKhYBSt1HrqZXjuTXqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/Nzp2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjtZ0IlKXLF5ovCVBKMyfR30heaM5RjSyjTwt5K2JBqytAmVLQheIsvL5PmRcW7rFTvq+XaTR5HAY7hBM7AgyuowR3UoQEMRvAMr/DmJM6L8+58zFtXnHzmCP7A+fwBD8mPXw==</latexit>xt+1

<latexit sha1_base64="mxrrDj5MP7U09FbFFHonPxdvMrc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKexK8HELePEYwTwgWcLsZDYZMjO7zPSKIeQXvHhQxKs/5M2/cTfZgyYWNBRV3XR3BbEUFl332ymsrW9sbhW3Szu7e/sH5cOjlo0Sw3iTRTIynYBaLoXmTRQoeSc2nKpA8nYwvs389iM3VkT6AScx9xUdahEKRjGTnvpI+uWKW3XnIKvEy0kFcjT65a/eIGKJ4hqZpNZ2PTdGf0oNCib5rNRLLI8pG9Mh76ZUU8WtP53fOiNnqTIgYWTS0kjm6u+JKVXWTlSQdiqKI7vsZeJ/XjfB8NqfCh0nyDVbLAoTSTAi2eNkIAxnKCcpocyI9FbCRtRQhmk8pTQEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIHBCJ7hFd4c5bw4787HorXg5DPH8AfO5w/IKI4N</latexit>xt

<latexit sha1_base64="wIPvNPzOLelm/MqacXOLTHjWLAo=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIexK8HELePEYwTwgWcLsZDYZMju7zPSKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2CxsFbd3dvf2SweHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqtx65NiJWDzhOuB/RgRKhYBSt1HrqZXjuTXqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/Nzp2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjtZ0IlKXLF5ovCVBKMyfR30heaM5RjSyjTwt5K2JBqytAmVLQheIsvL5PmRcW7rFTvq+XaTR5HAY7hBM7AgyuowR3UoQEMRvAMr/DmJM6L8+58zFtXnHzmCP7A+fwBD8mPXw==</latexit>xt+1

<latexit sha1_base64="mxrrDj5MP7U09FbFFHonPxdvMrc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKexK8HELePEYwTwgWcLsZDYZMjO7zPSKIeQXvHhQxKs/5M2/cTfZgyYWNBRV3XR3BbEUFl332ymsrW9sbhW3Szu7e/sH5cOjlo0Sw3iTRTIynYBaLoXmTRQoeSc2nKpA8nYwvs389iM3VkT6AScx9xUdahEKRjGTnvpI+uWKW3XnIKvEy0kFcjT65a/eIGKJ4hqZpNZ2PTdGf0oNCib5rNRLLI8pG9Mh76ZUU8WtP53fOiNnqTIgYWTS0kjm6u+JKVXWTlSQdiqKI7vsZeJ/XjfB8NqfCh0nyDVbLAoTSTAi2eNkIAxnKCcpocyI9FbCRtRQhmk8pTQEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIHBCJ7hFd4c5bw4787HorXg5DPH8AfO5w/IKI4N</latexit>xt

<latexit sha1_base64="DAb06ijNnv73GjyoJoN6iWSjW9E=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiCUBKpj41QdOOygn1AG8JkOmmHTiZh5qa0hP6JGxeKuPVP3Pk3TtsstPXAhcM593LvPUEiuAbH+bZWVtfWNzYLW8Xtnd29ffvgsKHjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgzGNxP/eaQKc1j+QTjhHkR6UkeckrASL5tj/wMzt0JvsVO+XLkg2+XnLIzA14mbk5KKEfNt7863ZimEZNABdG67ToJeBlRwKlgk2In1SwhdEB6rG2oJBHTXja7fIJPjdLFYaxMScAz9fdERiKtx1FgOiMCfb3oTcX/vHYK4Y2XcZmkwCSdLwpTgSHG0xhwlytGQYwNIVRxcyumfaIIBRNW0YTgLr68TBoXZfeqXHmslKp3eRwFdIxO0Bly0TWqogdUQ3VE0RA9o1f0ZmXWi/VufcxbV6x85gj9gfX5A4fZkk4=</latexit>

xt+1 = 0.5xt



Try these…
Describe the qualitative behaviour that you observe

a) b) c)

<latexit sha1_base64="Ug18RHuy8SHkQ36suxReLhWwYuI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6c+9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqlerXt5dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBwjo3g</latexit>xt
<latexit sha1_base64="Ug18RHuy8SHkQ36suxReLhWwYuI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6c+9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqlerXt5dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBwjo3g</latexit>xt

<latexit sha1_base64="Ug18RHuy8SHkQ36suxReLhWwYuI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6c+9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqlerXt5dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBwjo3g</latexit>xt

<latexit sha1_base64="hncK3fEwATYA4V8U/nM42fvSXrU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkVI8FLx4r2A9oQ9lsN+3SzSbsTsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789iPXRsTqAScJ9yM6VCIUjKKV2k/9DC+9ab9UdivuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5uVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1OBkJzhnJiCWVa2FsJG1FNGdqEijYEb/nlVdK6qni1SvW+Wq7X8jgKcApncAEeXEMd7qABTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w8O4o9c</latexit>xt+1
<latexit sha1_base64="hncK3fEwATYA4V8U/nM42fvSXrU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkVI8FLx4r2A9oQ9lsN+3SzSbsTsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789iPXRsTqAScJ9yM6VCIUjKKV2k/9DC+9ab9UdivuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5uVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1OBkJzhnJiCWVa2FsJG1FNGdqEijYEb/nlVdK6qni1SvW+Wq7X8jgKcApncAEeXEMd7qABTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w8O4o9c</latexit>xt+1

<latexit sha1_base64="hncK3fEwATYA4V8U/nM42fvSXrU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkVI8FLx4r2A9oQ9lsN+3SzSbsTsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789iPXRsTqAScJ9yM6VCIUjKKV2k/9DC+9ab9UdivuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5uVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1OBkJzhnJiCWVa2FsJG1FNGdqEijYEb/nlVdK6qni1SvW+Wq7X8jgKcApncAEeXEMd7qABTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w8O4o9c</latexit>xt+1



Try these…

a) b) c)

Stable fixed point with 
monotonic decay 

Unstable fixed point 
with monotonic growth 

Stable fixed point with 
oscillatory decay 

<latexit sha1_base64="Ug18RHuy8SHkQ36suxReLhWwYuI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6c+9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqlerXt5dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBwjo3g</latexit>xt
<latexit sha1_base64="Ug18RHuy8SHkQ36suxReLhWwYuI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6c+9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqlerXt5dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBwjo3g</latexit>xt

<latexit sha1_base64="Ug18RHuy8SHkQ36suxReLhWwYuI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6c+9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqlerXt5dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBwjo3g</latexit>xt

Describe the qualitative behaviour that you observe

<latexit sha1_base64="hncK3fEwATYA4V8U/nM42fvSXrU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkVI8FLx4r2A9oQ9lsN+3SzSbsTsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789iPXRsTqAScJ9yM6VCIUjKKV2k/9DC+9ab9UdivuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5uVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1OBkJzhnJiCWVa2FsJG1FNGdqEijYEb/nlVdK6qni1SvW+Wq7X8jgKcApncAEeXEMd7qABTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w8O4o9c</latexit>xt+1
<latexit sha1_base64="hncK3fEwATYA4V8U/nM42fvSXrU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkVI8FLx4r2A9oQ9lsN+3SzSbsTsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789iPXRsTqAScJ9yM6VCIUjKKV2k/9DC+9ab9UdivuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5uVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1OBkJzhnJiCWVa2FsJG1FNGdqEijYEb/nlVdK6qni1SvW+Wq7X8jgKcApncAEeXEMd7qABTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w8O4o9c</latexit>xt+1

<latexit sha1_base64="hncK3fEwATYA4V8U/nM42fvSXrU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkVI8FLx4r2A9oQ9lsN+3SzSbsTsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789iPXRsTqAScJ9yM6VCIUjKKV2k/9DC+9ab9UdivuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5uVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1OBkJzhnJiCWVa2FsJG1FNGdqEijYEb/nlVdK6qni1SvW+Wq7X8jgKcApncAEeXEMd7qABTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w8O4o9c</latexit>xt+1



Nonlinear difference equations
(Kaplan & Glass)

Is the linear difference equation

a good model for population dynamics?

<latexit sha1_base64="7Xv92VPwl0XmvT/pd5a70C+r+4Q=">AAAB9XicbVDJSgNBEK1xjXGLevTSGARBCDMSXA5CwIunEMEskIxDT6cnadKz0F2jhCH/4cWDIl79F2/+jZ3loIkPCh7vVVFVz0+k0Gjb39bS8srq2npuI7+5tb2zW9jbb+g4VYzXWSxj1fKp5lJEvI4CJW8litPQl7zpD27GfvORKy3i6B6HCXdD2otEIBhFIz1UvQxPnRG5JqrqoVco2iV7ArJInBkpwgw1r/DV6cYsDXmETFKt246doJtRhYJJPsp3Us0Tyga0x9uGRjTk2s0mV4/IsVG6JIiVqQjJRP09kdFQ62Hom86QYl/Pe2PxP6+dYnDpZiJKUuQRmy4KUkkwJuMISFcozlAODaFMCXMrYX2qKEMTVN6E4My/vEgaZyXnvFS+KxcrV7M4cnAIR3ACDlxABW6hBnVgoOAZXuHNerJerHfrY9q6ZM1mDuAPrM8fCFCRiw==</latexit>

Nt+1 = rNt

Assumes growth rate per capita is fixed

However, as Nt gets big, resources become limited…

<latexit sha1_base64="9KqmFf4RnxABDRjGbQ7J/9zOEgg=">AAAB/nicbVDJSgNBEO2JW4zbqHjy0hiEiBhmJLgchIAXTyGCWSAZhp5OT9KkZ6G7RghDwF/x4kERr36HN//GTjIHTXxQ8Hiviqp6Xiy4Asv6NnJLyyura/n1wsbm1vaOubvXVFEiKWvQSESy7RHFBA9ZAzgI1o4lI4EnWMsb3k781iOTikfhA4xi5gSkH3KfUwJacs2DmpvCqT3GN7gkz7yaCye6XLNola0p8CKxM1JEGequ+dXtRTQJWAhUEKU6thWDkxIJnAo2LnQTxWJCh6TPOpqGJGDKSafnj/GxVnrYj6SuEPBU/T2RkkCpUeDpzoDAQM17E/E/r5OAf+WkPIwTYCGdLfITgSHCkyxwj0tGQYw0IVRyfSumAyIJBZ1YQYdgz7+8SJrnZfuiXLmvFKvXWRx5dIiOUAnZ6BJV0R2qowaiKEXP6BW9GU/Gi/FufMxac0Y2s4/+wPj8AbCFlAM=</latexit>

Nt+1 = (r � bNt)Nt

Nonlinear

Simplify with substitution

<latexit sha1_base64="LwVC463Wd5UIyMR8pSRzvpcc5qM=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBU5iR4HIQAl48SRSzQDIMPZ2epEnPQneNGIfBX/HiQRGv/oc3/8ZOMgdNfFDweK+KqnpeLLgCy/o2CguLS8srxdXS2vrG5pa5vdNUUSIpa9BIRLLtEcUED1kDOAjWjiUjgSdYyxtejv3WPZOKR+EdjGLmBKQfcp9TAlpyzb0HF/AF7vqS0NTL0tvs2gXXLFsVawI8T+yclFGOumt+dXsRTQIWAhVEqY5txeCkRAKngmWlbqJYTOiQ9FlH05AETDnp5PoMH2qlh/1I6goBT9TfEykJlBoFnu4MCAzUrDcW//M6CfhnTsrDOAEW0ukiPxEYIjyOAve4ZBTESBNCJde3YjogOgjQgZV0CPbsy/OkeVyxTyrVm2q5dp7HUUT76AAdIRudohq6QnXUQBQ9omf0it6MJ+PFeDc+pq0FI5/ZRX9gfP4AEWqU+A==</latexit>

xt =
b

R
Nt

Gives
<latexit sha1_base64="FR4n+hp+D+GCX59E4qNjakHLDhI=">AAAB/nicbVDJSgNBEO2JW4zbqHjy0hiEiBhmJLgchIAXjxHMAskw9HR6kiY9C901kjAE/BUvHhTx6nd482/sJHPQxAcFj/eqqKrnxYIrsKxvI7e0vLK6ll8vbGxube+Yu3sNFSWSsjqNRCRbHlFM8JDVgYNgrVgyEniCNb3B7cRvPjKpeBQ+wChmTkB6Ifc5JaAl1zwYuimc2mN8g2XJPhu6cKLLNYtW2ZoCLxI7I0WUoeaaX51uRJOAhUAFUaptWzE4KZHAqWDjQidRLCZ0QHqsrWlIAqacdHr+GB9rpYv9SOoKAU/V3xMpCZQaBZ7uDAj01bw3Ef/z2gn4V07KwzgBFtLZIj8RGCI8yQJ3uWQUxEgTQiXXt2LaJ5JQ0IkVdAj2/MuLpHFeti/KlftKsXqdxZFHh+gIlZCNLlEV3aEaqiOKUvSMXtGb8WS8GO/Gx6w1Z2Qz++gPjM8fKNeUUA==</latexit>

xt+1 = r(1� xt)xt

Logistic map



<latexit sha1_base64="FR4n+hp+D+GCX59E4qNjakHLDhI=">AAAB/nicbVDJSgNBEO2JW4zbqHjy0hiEiBhmJLgchIAXjxHMAskw9HR6kiY9C901kjAE/BUvHhTx6nd482/sJHPQxAcFj/eqqKrnxYIrsKxvI7e0vLK6ll8vbGxube+Yu3sNFSWSsjqNRCRbHlFM8JDVgYNgrVgyEniCNb3B7cRvPjKpeBQ+wChmTkB6Ifc5JaAl1zwYuimc2mN8g2XJPhu6cKLLNYtW2ZoCLxI7I0WUoeaaX51uRJOAhUAFUaptWzE4KZHAqWDjQidRLCZ0QHqsrWlIAqacdHr+GB9rpYv9SOoKAU/V3xMpCZQaBZ7uDAj01bw3Ef/z2gn4V07KwzgBFtLZIj8RGCI8yQJ3uWQUxEgTQiXXt2LaJ5JQ0IkVdAj2/MuLpHFeti/KlftKsXqdxZFHh+gIlZCNLlEV3aEaqiOKUvSMXtGb8WS8GO/Gx6w1Z2Qz++gPjM8fKNeUUA==</latexit>

xt+1 = r(1� xt)xt

The logistic map

Dynamics vary as a function of r

At what values of r do the dynamics 
qualitatively change (bifurcations)?

Two important features of nonlinear dynamics: 
equilibria and stability

<latexit sha1_base64="lFKqZCOh28k0JxoMW9iZ0+laiPA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiMaB6QLGF2MpsMmZ1dZnrFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVA44T7kd0oEQoGEUr3T/1sFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vndeaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx9xdY3j</latexit>xt

<latexit sha1_base64="wIPvNPzOLelm/MqacXOLTHjWLAo=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIexK8HELePEYwTwgWcLsZDYZMju7zPSKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2CxsFbd3dvf2SweHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqtx65NiJWDzhOuB/RgRKhYBSt1HrqZXjuTXqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/Nzp2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjtZ0IlKXLF5ovCVBKMyfR30heaM5RjSyjTwt5K2JBqytAmVLQheIsvL5PmRcW7rFTvq+XaTR5HAY7hBM7AgyuowR3UoQEMRvAMr/DmJM6L8+58zFtXnHzmCP7A+fwBD8mPXw==</latexit>xt+1

r=2.5
r=1.5
r=1
r=0.5



Equilibria of a difference equation
<latexit sha1_base64="hwH/ZUFaymVumOtoyI+oBhepA3M=">AAAB9XicbVDLSsNAFJ34rPVVdelmsAgVoSRSfCyEghuXFewD2hgm00k7dDIJMzfaEvofblwo4tZ/ceffOG2z0NYDFw7n3Mu99/ix4Bps+9taWl5ZXVvPbeQ3t7Z3dgt7+w0dJYqyOo1EpFo+0UxwyerAQbBWrBgJfcGa/uBm4jcfmdI8kvcwipkbkp7kAacEjPQw9FI4dcbXQWnowYlXKNplewq8SJyMFFGGmlf46nQjmoRMAhVE67Zjx+CmRAGngo3znUSzmNAB6bG2oZKETLvp9OoxPjZKFweRMiUBT9XfEykJtR6FvukMCfT1vDcR//PaCQSXbsplnACTdLYoSASGCE8iwF2uGAUxMoRQxc2tmPaJIhRMUHkTgjP/8iJpnJWd83LlrlKsXmVx5NAhOkIl5KALVEW3qIbqiCKFntErerOerBfr3fqYtS5Z2cwB+gPr8weTOpHk</latexit>

xt+1 = f(xt)

is an equilibrium of the difference equation if and only if
<latexit sha1_base64="V/lfiO+E61uyi3YCyDGrE3FYeSQ=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBGqizIjxcdCKLhxWcE+oB1LJs20oZlMSDJiGfobblwo4tafceffmLaz0NYDl3s4515ycwLJmTau++0sLa+srq3nNvKbW9s7u4W9/YaOE0VoncQ8Vq0Aa8qZoHXDDKctqSiOAk6bwfBm4jcfqdIsFvdmJKkf4b5gISPYWKnz9HCKrlFYsv2kWyi6ZXcKtEi8jBQhQ61b+Or0YpJEVBjCsdZtz5XGT7EyjHA6zncSTSUmQ9ynbUsFjqj20+nNY3RslR4KY2VLGDRVf2+kONJ6FAV2MsJmoOe9ifif105MeOmnTMjEUEFmD4UJRyZGkwBQjylKDB9Zgoli9lZEBlhhYmxMeRuCN//lRdI4K3vn5cpdpVi9yuLIwSEcQQk8uIAq3EIN6kBAwjO8wpuTOC/Ou/MxG11ysp0D+APn8we0m5Am</latexit>

x⇤ = f(x⇤)

<latexit sha1_base64="TOl084bQbVUjODwTK7QJ2r0FMvM=">AAAB6nicbVDJSgNBEK1xjXGLevTSGATxEGYkuNwCXjxGNAskY+jp9CRNenqG7hoxDPkELx4U8eoXefNv7CwHTXxQ8Hiviqp6QSKFQdf9dpaWV1bX1nMb+c2t7Z3dwt5+3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuB77jUeujYjVPQ4T7ke0p0QoGEUr3T09nHYKRbfkTkAWiTcjRZih2il8tbsxSyOukElqTMtzE/QzqlEwyUf5dmp4QtmA9njLUkUjbvxscuqIHFulS8JY21JIJurviYxGxgyjwHZGFPtm3huL/3mtFMNLPxMqSZErNl0UppJgTMZ/k67QnKEcWkKZFvZWwvpUU4Y2nbwNwZt/eZHUz0reeal8Wy5WrmZx5OAQjuAEPLiACtxAFWrAoAfP8ApvjnRenHfnY9q65MxmDuAPnM8f/7mNmA==</latexit>

x⇤

(intersection of lines y=f(x) and y=x)

<latexit sha1_base64="lFKqZCOh28k0JxoMW9iZ0+laiPA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiMaB6QLGF2MpsMmZ1dZnrFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVA44T7kd0oEQoGEUr3T/1sFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vndeaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx9xdY3j</latexit>xt

<latexit sha1_base64="wIPvNPzOLelm/MqacXOLTHjWLAo=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIexK8HELePEYwTwgWcLsZDYZMju7zPSKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2CxsFbd3dvf2SweHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqtx65NiJWDzhOuB/RgRKhYBSt1HrqZXjuTXqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/Nzp2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjtZ0IlKXLF5ovCVBKMyfR30heaM5RjSyjTwt5K2JBqytAmVLQheIsvL5PmRcW7rFTvq+XaTR5HAY7hBM7AgyuowR3UoQEMRvAMr/DmJM6L8+58zFtXnHzmCP7A+fwBD8mPXw==</latexit>xt+1
E.g. logistic map:

<latexit sha1_base64="16DdY10Pb+vPzBtOj465okIsSik=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIVbDMSFE3QsGNywr2Ae1YMmmmDc1khiQj1qFf4saFIm79FHf+jWk7C60eyOVwzr3cm+PHnCntOF9Wbml5ZXUtv17Y2NzaLto7u00VJZLQBol4JNs+VpQzQRuaaU7bsaQ49Dlt+aOrqd+6p1KxSNzqcUy9EA8ECxjB2kg9u/hwd3wpTSm7J6Ye9eySU3FmQH+Jm5ESZKj37M9uPyJJSIUmHCvVcZ1YeymWmhFOJ4VuomiMyQgPaMdQgUOqvHR2+AQdGqWPgkiaJzSaqT8nUhwqNQ590xliPVSL3lT8z+skOrjwUibiRFNB5ouChCMdoWkKqM8kJZqPDcFEMnMrIkMsMdEmq4IJwV388l/SPK24Z5XqTbVUq2Vx5GEfDqAMLpxDDa6hDg0gkMATvMCr9Wg9W2/W+7w1Z2Uze/AL1sc3cCWRpg==</latexit>

x⇤ = rx⇤(1� x⇤)

Quadratic equation with roots:
<latexit sha1_base64="3Pz/UR8nRvfrJ2y2YzINxHKj3YI=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKepFKHjxWMFtC+1asmm2Dc0mS5IVy9Lf4MWDIl79Qd78N6btHrT1wcDjvRlm5oUJZ9q47rdTWFldW98obpa2tnd298r7B00tU0WoTySXqh1iTTkT1DfMcNpOFMVxyGkrHN1M/dYjVZpJcW/GCQ1iPBAsYgQbK/lPD2fXbq9ccavuDGiZeDmpQI5Gr/zV7UuSxlQYwrHWHc9NTJBhZRjhdFLqppommIzwgHYsFTimOshmx07QiVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+TmugqyJhIUkMFmS+KUo6MRNPPUZ8pSgwfW4KJYvZWRIZYYWJsPiUbgrf48jJpnle9i2rtrlap1/M4inAEx3AKHlxCHW6hAT4QYPAMr/DmCOfFeXc+5q0FJ585hD9wPn8A8yaOIA==</latexit>

x⇤ = 0

<latexit sha1_base64="6nbWreG45+7D1Gz3EZsA9WIzPdE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBBEsiRd0IBTcuK9gHtLFMppN26GQSZiZqifkUNy4UceuXuPNvnD4W2nrgwuGce7n3Hj/mTGnH+bZyS8srq2v59cLG5tb2jl3cbagokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH16N/eY9lYpF4laPYuqFuC9YwAjWRuraxce748tOIDFJ5YmbpTLr2iWn7EyAFok7IyWYoda1vzq9iCQhFZpwrFTbdWLtpVhqRjjNCp1E0RiTIe7TtqECh1R56eT0DB0apYeCSJoSGk3U3xMpDpUahb7pDLEeqHlvLP7ntRMdXHgpE3GiqSDTRUHCkY7QOAfUY5ISzUeGYCKZuRWRATY5aJNWwYTgzr+8SBqnZfesXLmplKrVWRx52IcDOAIXzqEK11CDOhB4gGd4hTfryXqx3q2PaWvOms3swR9Ynz/fO5PD</latexit>

x⇤ =
r � 1

r

Latter is biologically plausible for
<latexit sha1_base64="rj6A45uT/6dlIBRHHn+15hu/0U8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD+rG65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHqX1dp9rVKv53EU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfSrI2A</latexit>

r > 1



Stability of equilibria

is a stable equilibrium if
<latexit sha1_base64="TOl084bQbVUjODwTK7QJ2r0FMvM=">AAAB6nicbVDJSgNBEK1xjXGLevTSGATxEGYkuNwCXjxGNAskY+jp9CRNenqG7hoxDPkELx4U8eoXefNv7CwHTXxQ8Hiviqp6QSKFQdf9dpaWV1bX1nMb+c2t7Z3dwt5+3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuB77jUeujYjVPQ4T7ke0p0QoGEUr3T09nHYKRbfkTkAWiTcjRZih2il8tbsxSyOukElqTMtzE/QzqlEwyUf5dmp4QtmA9njLUkUjbvxscuqIHFulS8JY21JIJurviYxGxgyjwHZGFPtm3huL/3mtFMNLPxMqSZErNl0UppJgTMZ/k67QnKEcWkKZFvZWwvpUU4Y2nbwNwZt/eZHUz0reeal8Wy5WrmZx5OAQjuAEPLiACtxAFWrAoAfP8ApvjnRenHfnY9q65MxmDuAPnM8f/7mNmA==</latexit>

x⇤

<latexit sha1_base64="Y44a/9pEVcS1Cx9+DGyvh3zKPUY=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBaxeiiJFPXgoeDFYwX7AWksm+2mXbrJht2JWNL+DC8eFPHqr/Hmv3Hb5qDVBwOP92aYmefHgmuw7S8rt7S8srqWXy9sbG5t7xR395paJoqyBpVCqrZPNBM8Yg3gIFg7VoyEvmAtf3g99VsPTGkuozsYxcwLST/iAacEjOSOg+Py4/3pyfjK6RZLdsWeAf8lTkZKKEO9W/zs9CRNQhYBFURr17Fj8FKigFPBJoVOollM6JD0mWtoREKmvXR28gQfGaWHA6lMRYBn6s+JlIRaj0LfdIYEBnrRm4r/eW4CwaWX8ihOgEV0vihIBAaJp//jHleMghgZQqji5lZMB0QRCialggnBWXz5L2meVZzzSvW2WqrVsjjy6AAdojJy0AWqoRtURw1EkURP6AW9WmA9W2/W+7w1Z2Uz++gXrI9vp5CQMg==</latexit>

|f 0(x⇤)| < 1

and unstable if
<latexit sha1_base64="zeoYWLnU/oxWqVTekqlKkoprqQE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBaxeiiJFPUkBS8eK9gPSGPZbDft0k027E7EkvZnePGgiFd/jTf/jds2B60+GHi8N8PMPD8WXINtf1m5peWV1bX8emFjc2t7p7i719QyUZQ1qBRStX2imeARawAHwdqxYiT0BWv5w+up33pgSnMZ3cEoZl5I+hEPOCVgJHccHJcf709PxldOt1iyK/YM+C9xMlJCGerd4menJ2kSsgioIFq7jh2DlxIFnAo2KXQSzWJCh6TPXEMjEjLtpbOTJ/jIKD0cSGUqAjxTf06kJNR6FPqmMyQw0IveVPzPcxMILr2UR3ECLKLzRUEiMEg8/R/3uGIUxMgQQhU3t2I6IIpQMCkVTAjO4st/SfOs4pxXqrfVUq2WxZFHB+gQlZGDLlAN3aA6aiCKJHpCL+jVAuvZerPe5605K5vZR79gfXwDqpqQNA==</latexit>

|f 0(x⇤)| > 1

<latexit sha1_base64="g2C4sRuKh+O2zs2LyMsxMDz4P8A=">AAAB8nicbVDJSgNBEO2JW4xb1KOXxiBGD2FGgstBCHjxGMEsMBlDT6cnadIzPXTXiGGSz/DiQRGvfo03/8bOctDEBwWP96qoqufHgmuw7W8rs7S8srqWXc9tbG5t7+R39+paJoqyGpVCqqZPNBM8YjXgIFgzVoyEvmANv38z9huPTGkuo3sYxMwLSTfiAacEjOQOg+Pi08PpyfDaaecLdsmeAC8SZ0YKaIZqO//V6kiahCwCKojWrmPH4KVEAaeCjXKtRLOY0D7pMtfQiIRMe+nk5BE+MkoHB1KZigBP1N8TKQm1HoS+6QwJ9PS8Nxb/89wEgksv5VGcAIvodFGQCAwSj//HHa4YBTEwhFDFza2Y9ogiFExKOROCM//yIqmflZzzUvmuXKhczeLIogN0iIrIQReogm5RFdUQRRI9o1f0ZoH1Yr1bH9PWjDWb2Ud/YH3+AKb6kCw=</latexit>

|f 0(x⇤)| = 1 is inconclusive

(gradient of y=f(x) at intersection with y=x)

<latexit sha1_base64="lFKqZCOh28k0JxoMW9iZ0+laiPA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiMaB6QLGF2MpsMmZ1dZnrFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVA44T7kd0oEQoGEUr3T/1sFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vndeaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx9xdY3j</latexit>xt

<latexit sha1_base64="wIPvNPzOLelm/MqacXOLTHjWLAo=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIexK8HELePEYwTwgWcLsZDYZMju7zPSKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2CxsFbd3dvf2SweHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqtx65NiJWDzhOuB/RgRKhYBSt1HrqZXjuTXqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/Nzp2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjtZ0IlKXLF5ovCVBKMyfR30heaM5RjSyjTwt5K2JBqytAmVLQheIsvL5PmRcW7rFTvq+XaTR5HAY7hBM7AgyuowR3UoQEMRvAMr/DmJM6L8+58zFtXnHzmCP7A+fwBD8mPXw==</latexit>xt+1

f’>1
monotonic growth

-1<f’<0
oscillatory 

decay

Linear difference equation

describes the nearby dynamics
<latexit sha1_base64="r+5o0cWUWYl//h/Rz7bs3NXPBHE=">AAAB8HicdZDLSgMxFIYz9VbrrerSTbCI1cUwI/WyUQpuXFawF2nHkkkzbWiSGZKMWIY+hRsXirj1cdz5NmbaKajoD4Gf75xDzvn9iFGlHefTys3NLywu5ZcLK6tr6xvFza2GCmOJSR2HLJQtHynCqCB1TTUjrUgSxH1Gmv7wMq0374lUNBQ3ehQRj6O+oAHFSBt0K8+D/fLD3eFBt1hy7GMnFXRsZ2Yy4makBDLVusWPTi/EMSdCY4aUartOpL0ESU0xI+NCJ1YkQniI+qRtrECcKC+ZLDyGe4b0YBBK84SGE/p9IkFcqRH3TSdHeqB+11L4V60d6+DMS6iIYk0Enn4UxAzqEKbXwx6VBGs2MgZhSc2uEA+QRFibjAomhNml8H/TOLLdE7tyXSlVL7I48mAH7IIycMEpqIIrUAN1gAEHj+AZvFjSerJerbdpa87KZrbBD1nvX1FMj3A=</latexit>

r = f ! (x" )

<latexit sha1_base64="bh2s+3Zbi/zzQkx19sbBOlylncM=">AAACBXicbZDLSgNBEEV7fMb4GnWpi8YgCEKYkaBuhKAblxHMA5IQejo1SZOeB901QhiyceOvuHGhiFv/wZ1/YycZRBMvNBxuVVFd14ul0Og4X9bC4tLyympuLb++sbm1be/s1nSUKA5VHslINTymQYoQqihQQiNWwAJPQt0bXI/r9XtQWkThHQ5jaAesFwpfcIbG6tgHLYi1kAZTPHFH9JKqHwc7dsEpOhPReXAzKJBMlY792epGPAkgRC6Z1k3XibGdMoWCSxjlW4mGmPEB60HTYMgC0O10csWIHhmnS/1ImRcinbi/J1IWaD0MPNMZMOzr2drY/K/WTNC/aKcijBOEkE8X+YmkGNFxJLQrFHCUQwOMK2H+SnmfKcbRBJc3IbizJ89D7bTonhVLt6VC+SqLI0f2ySE5Ji45J2VyQyqkSjh5IE/khbxaj9az9Wa9T1sXrGxmj/yR9fENLQeYYQ==</latexit>! t +1 = r ! t



MATLAB exercise
Investigate the dynamics of the logistic map 

at different values of r

<latexit sha1_base64="FR4n+hp+D+GCX59E4qNjakHLDhI=">AAAB/nicbVDJSgNBEO2JW4zbqHjy0hiEiBhmJLgchIAXjxHMAskw9HR6kiY9C901kjAE/BUvHhTx6nd482/sJHPQxAcFj/eqqKrnxYIrsKxvI7e0vLK6ll8vbGxube+Yu3sNFSWSsjqNRCRbHlFM8JDVgYNgrVgyEniCNb3B7cRvPjKpeBQ+wChmTkB6Ifc5JaAl1zwYuimc2mN8g2XJPhu6cKLLNYtW2ZoCLxI7I0WUoeaaX51uRJOAhUAFUaptWzE4KZHAqWDjQidRLCZ0QHqsrWlIAqacdHr+GB9rpYv9SOoKAU/V3xMpCZQaBZ7uDAj01bw3Ef/z2gn4V07KwzgBFtLZIj8RGCI8yQJ3uWQUxEgTQiXXt2LaJ5JQ0IkVdAj2/MuLpHFeti/KlftKsXqdxZFHh+gIlZCNLlEV3aEaqiOKUvSMXtGb8WS8GO/Gx6w1Z2Qz++gPjM8fKNeUUA==</latexit>

xt+1 = r(1� xt)xt

https://cnd.mcgill.ca/ebook/index.htmlCode:

bifurc.m

quadmap.m

fditer.m

cobweb.m
y=fditer (' quadmapÕ, x0, r, N)

Iterate the logistic map N times

Make a cobweb plot for N iterations
cobweb(' quadmapÕ, x0, r, N) 

Plot long-term dynamics as a function of r 
(bifurcation diagram)

bifurc (' quadmapÕ, rmin , rmax ) 

or myCourses

plot(y,Õ+Õ)

https://cnd.mcgill.ca/ebook/index.html


Chaos

https://geoffboeing.com/2015/03/chaos-theory-logistic-map/

<latexit sha1_base64="AIe6XFEy5lbDRR1mY/x1CcV6t90=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWz3bRLN5uwOxFL6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVA44T7kd0oEQoGEUr3T/1sFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vndeaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx9y9o3o</latexit>x t

<latexit sha1_base64="4k9I8mwOtZGgqRwex5Qissa5pno=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWaqp+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1mtNWuV+k0eRxFO4BTOwYMrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AN7bjPs=</latexit>r

• Bounded

• Aperiodic

• Sensitive to initial 
conditions

• Deterministic

Bifurcation diagram

https://geoffboeing.com/2015/03/chaos-theory-logistic-map/


https://geoffboeing.com/2015/03/chaos-theory-logistic-map/

Fractal structure (self-similar)

<latexit sha1_base64="AIe6XFEy5lbDRR1mY/x1CcV6t90=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWz3bRLN5uwOxFL6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVA44T7kd0oEQoGEUr3T/1sFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vndeaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx9y9o3o</latexit>x t

<latexit sha1_base64="4k9I8mwOtZGgqRwex5Qissa5pno=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWaqp+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1mtNWuV+k0eRxFO4BTOwYMrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AN7bjPs=</latexit>r

One-to-one map with 
Mandelbrot set:

<latexit sha1_base64="yvSBjMR5sTm5woFYElck5qBB8VM=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBahHqxJKSqCUPDisYL9gDaGzXbbLt1swu5EraH/w4sHRbz6X7z5b9y2OWj1wcDjvRlm5vmR4Bps+8vKLCwuLa9kV3Nr6xubW/ntnYYOY0VZnYYiVC2faCa4ZHXgIFgrUowEvmBNf3g58Zt3TGkeyhsYRcwNSF/yHqcEjHT76MGFKjrH5aMHDw69fMEu2VPgv8RJSQGlqHn5z043pHHAJFBBtG47dgRuQhRwKtg414k1iwgdkj5rGypJwLSbTK8e4wOjdHEvVKYk4Kn6cyIhgdajwDedAYGBnvcm4n9eO4bemZtwGcXAJJ0t6sUCQ4gnEeAuV4yCGBlCqOLmVkwHRBEKJqicCcGZf/kvaZRLzkmpcl0pVM/TOLJoD+2jInLQKaqiK1RDdUSRQk/oBb1a99az9Wa9z1ozVjqzi37B+vgGw2KRXg==</latexit>

zt = r (1/ 2 ! xt )
Set

<latexit sha1_base64="6ByH3E0ywb7NO7f2Rlnvgzf0M1U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSVDwVvHisYGuhDWWz2bRrN7thd1Iopf/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMC1PBDXret1NYW9/Y3Cpul3Z29/YPyodHLaMyTVmTKqF0OySGCS5ZEzkK1k41I0ko2GM4vJ35jyOmDVfyAccpCxLSlzzmlKCVWt1RpND0yhWv6s3hrhI/JxXI0eiVv7qRolnCJFJBjOn4XorBhGjkVLBpqZsZlhI6JH3WsVSShJlgMr926p5ZJXJjpW1JdOfq74kJSYwZJ6HtTAgOzLI3E//zOhnG18GEyzRDJuliUZwJF5U7e92NuGYUxdgSQjW3t7p0QDShaAMq2RD85ZdXSeui6l9Wa/e1Sv0mj6MIJ3AK5+DDFdThDhrQBApP8Ayv8OYo58V5dz4WrQUnnzmGP3A+fwDL9Y9D</latexit>...
<latexit sha1_base64="BtiSGk0FKtEhTOjH7/p99F8nT2Q=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg0EQAmE3BBVBCOTiMYJ5QLIus5NJMmT2wUyvsFnir3jxoIhXP8Sbf+Mk2YMmFjQUVd10d3mR4Aos69tYW9/Y3NrO7eR39/YPDs2j45YKY0lZk4YilB2PKCZ4wJrAQbBOJBnxPcHa3rg+89uPTCoeBveQRMzxyTDgA04JaMk1CxM3hZI9xTd44sJDBZdw3TWLVtmaA68SOyNFlKHhml+9fkhjnwVABVGqa1sROCmRwKlg03wvViwidEyGrKtpQHymnHR+/BSfaaWPB6HUFQCeq78nUuIrlfie7vQJjNSyNxP/87oxDK6clAdRDCygi0WDWGAI8SwJ3OeSURCJJoRKrm/FdEQkoaDzyusQ7OWXV0mrUrYvytW7arF2ncWRQyfoFJ0jG12iGrpFDdREFCXoGb2iN+PJeDHejY9F65qRzRTQHxifPxCrkxM=</latexit>

zt +1 = z2
t + C

<latexit sha1_base64="WwoNhD084fSLNEpKP+2KV5ioyTk=">AAACEHicbVBNS8NAEN3Ur1q/oh69BItYD5akFO1FKPTisYL9gCaUzXbTLt1swu5EKKE/wYt/xYsHRbx69Oa/cdvmUKsPBh7vzTAzz485U2Db30ZubX1jcyu/XdjZ3ds/MA+P2ipKJKEtEvFIdn2sKGeCtoABp91YUhz6nHb8cWPmdx6oVCwS9zCJqRfioWABIxi01DfPGzduIDFJ5TStTF1OAyg5l8uSZMMRXPTNol2257D+EicjRZSh2Te/3EFEkpAKIBwr1XPsGLwUS2CE02nBTRSNMRnjIe1pKnBIlZfOH5paZ1oZWEEkdQmw5uryRIpDpSahrztDDCO16s3E/7xeAkHNS5mIE6CCLBYFCbcgsmbpWAMmKQE+0QQTyfStFhlhHQboDAs6BGf15b+kXSk7V+XqXbVYr2Vx5NEJOkUl5KBrVEe3qIlaiKBH9Ixe0ZvxZLwY78bHojVnZDPH6BeMzx+px5z4</latexit>

C =
r
2

!
1 !

r
2

"

https://geoffboeing.com/2015/03/chaos-theory-logistic-map/


Created by Wolfgang Beyer, 
Wikimedia commons



Differential 
equations

Part II

dx

dt
= f(x)

<latexit sha1_base64="xI9GVlEEmesnDemj81yRboM135c=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5JIQV0IRTcuK9gHtKFMJpN26OTBzI20huCvuHGhiFv/w51/47TNQlsPXDiccy/33uPGgiuwrG9jaXlldW29sFHc3Nre2TX39psqSiRlDRqJSLZdopjgIWsAB8HasWQkcAVrucObid96YFLxKLyHccycgPRD7nNKQEs987DrS0JTb5SlHmT4Cvvl0WnPLFkVawq8SOyclFCOes/86noRTQIWAhVEqY5txeCkRAKngmXFbqJYTOiQ9FlH05AETDnp9PoMn2jFw34kdYWAp+rviZQESo0DV3cGBAZq3puI/3mdBPwLJ+VhnAAL6WyRnwgMEZ5EgT0uGQUx1oRQyfWtmA6IjgN0YEUdgj3/8iJpnlXsauXyrlqqXedxFNAROkZlZKNzVEO3qI4aiKJH9Ixe0ZvxZLwY78bHrHXJyGcO0B8Ynz/AwZTH</latexit>



Linear differential equations
<latexit sha1_base64="pH3Z2kaV7/aU2gN6ffw/cJxNbvA=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqAeFghePFewHtKFsNpt26WYTdjfSEvJXvHhQxKt/xJv/xm2bg7Y+GHi8N8PMPD/hTGnH+bZKa+sbm1vl7crO7t7+gX1Ybas4lYS2SMxj2fWxopwJ2tJMc9pNJMWRz2nHH9/N/M4TlYrF4lFPE+pFeChYyAjWRhrY1X4oMcmCSZ4FOke3iEwGds2pO3OgVeIWpAYFmgP7qx/EJI2o0IRjpXquk2gvw1Izwmle6aeKJpiM8ZD2DBU4osrL5rfn6NQoAQpjaUpoNFd/T2Q4Umoa+aYzwnqklr2Z+J/XS3V47WVMJKmmgiwWhSlHOkazIFDAJCWaTw3BRDJzKyIjbMLQJq6KCcFdfnmVtM/r7mX94uGi1rgp4ijDMZzAGbhwBQ24hya0gMAEnuEV3qzcerHerY9Fa8kqZo7gD6zPH+aNlFY=</latexit>

dx
dt

= cx

<latexit sha1_base64="F2Rsb3BewiXSzW6/ARQlt2DHE2s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1CJFwMYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSg+s5vbLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDGz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6p3Vb28v6zUa3kcRTiBUzgHD66hDnfQgCYwGMIzvMKbI50X5935WLQWnHzmGP7A+fwBthCNag==</latexit>

c < 0
<latexit sha1_base64="BHXcuqmjU9MZRk+kWpkT9mJZM98=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1INCwYvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/loxkn6Ed0IHnIGTVWemA3bq9ccavuDGSZeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsvL5PmWdW7qJ7fn1dq13kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI5wX5935mLcWnHzmEP7A+fwBt5WNaw==</latexit>

c = 0

<latexit sha1_base64="1o+yBdiRjobMtDi0s2rbpbcYI1I=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCvIRdCepBIeDFYwTzgGRdZiezyZDZBzO9mrDmU7x4UMSrX+LNv3GS7EETCxqKqm66u7xYcAWW9W3kVlbX1jfym4Wt7Z3dPbO431RRIilr0EhEsu0RxQQPWQM4CNaOJSOBJ1jLG15P/dYDk4pH4R2MY+YEpB9yn1MCWnLN4qgMJ/gKj1wLs/uUwsQ1S1bFmgEvEzsjJZSh7ppf3V5Ek4CFQAVRqmNbMTgpkcCpYJNCN1EsJnRI+qyjaUgCppx0dvoEH2ulh/1I6goBz9TfEykJlBoHnu4MCAzUojcV//M6CfgXTsrDOAEW0vkiPxEYIjzNAfe4ZBTEWBNCJde3YjogklDQaRV0CPbiy8ukeVqxzyrV22qpdpnFkUeH6AiVkY3OUQ3doDpqIIoe0TN6RW/Gk/FivBsf89ackc0coD8wPn8AYo2Syw==</latexit>

x(t) = x0ect

What about oscillatory dynamics? Not possible in 1D!

x(t) varies continuously with t

<latexit sha1_base64="9RZX/B41v252isKZBIR32Ym211o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1INIwYvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/loxkn6Ed0IHnIGTVWemA3bq9ccavuDGSZeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsvL5PmWdW7qJ7fn1dq13kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI5wX5935mLcWnHzmEP7A+fwBuRqNbA==</latexit>

c > 0
Exponential growth Exponential decay Steady state / Fixed point



Phase plane analysis
Analytic solution can intractable – phase plane provides a quick qualitative description

<latexit sha1_base64="pJUteouFwoscuxAM/bjSYFq7zgM=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBi2EmhKgHIeDFYwSzQBJCT09P0qRnobtGEofBX/HiQRGv/oc3/8ZOMgdNfFDweK+KqnpOJLgCy/o2ciura+sb+c3C1vbO7p65f9BUYSwpa9BQhLLtEMUED1gDOAjWjiQjviNYyxndTP3WA5OKh8E9TCLW88kg4B6nBLTUN4+6niQ0ccdp4kKKr3F5fF7tm0WrZM2Al4mdkSLKUO+bX103pLHPAqCCKNWxrQh6CZHAqWBpoRsrFhE6IgPW0TQgPlO9ZHZ9ik+14mIvlLoCwDP190RCfKUmvqM7fQJDtehNxf+8TgzeZS/hQRQDC+h8kRcLDCGeRoFdLhkFMdGEUMn1rZgOiY4DdGAFHYK9+PIyaZZLdrVUuasUa1dZHHl0jE7QGbLRBaqhW1RHDUTRI3pGr+jNeDJejHfjY96aM7KZQ/QHxucPiUuUmQ==</latexit>

dx
dt

= 2x ! 6

<latexit sha1_base64="1SwtR9mXQFovUqt1AbhYjoNbDgQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexK8HELePGYgHlAsoTZSW8yZnZ2mZkVQ8gXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6xGV5rG8N+ME/YgOJA85o8ZK9adeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhtT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe5flSr1Sqt5kceThBE7hHDy4gircQQ0awADhGV7hzXlwXpx352PRmnOymWP4A+fzB+ZyjPw=</latexit>x

<latexit sha1_base64="7e9UjvE3ikW80tIYd8vhKKSGHt4=">AAAB9HicbVDLSsNAFL2pr1pfVZdugkVwVRIpPnYFNy4r2Ae0oUwmk3boZBJnbool5DvcuFDErR/jzr9x+lho64ELh3Pu5d57/ERwjY7zbRXW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrjk80E1yyJnIUrJMoRiJfsLY/up367TFTmsfyAScJ8yIykDzklKCRvF6oCM2CpzwLMO+XK07VmcFeJe6CVGCBRr/81QtimkZMIhVE667rJOhlRCGnguWlXqpZQuiIDFjXUEkipr1sdnRunxklsMNYmZJoz9TfExmJtJ5EvumMCA71sjcV//O6KYbXXsZlkiKTdL4oTIWNsT1NwA64YhTFxBBCFTe32nRITA5ociqZENzll1dJ66LqXlZr97VK/WYRRxFO4BTOwYUrqMMdNKAJFB7hGV7hzRpbL9a79TFvLViLmWP4A+vzB40hkpg=</latexit>

dx
dt

<latexit sha1_base64="jrEr2kBiPPNt57ymJ1fx1U4RdNQ=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4sSRafCyEghuXFewD2lAmk0k7dPJgZqItMZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7jxtzJpVlfRtLyyura+uFjeLm1vbOrlnaa8ooEYQ2SMQj0XaxpJyFtKGY4rQdC4oDl9OWO7yZ+K0HKiSLwns1jqkT4H7IfEaw0lLPLHV9gUnqjbLUU9n12cmoZ5atijUFWiR2TsqQo94zv7peRJKAhopwLGXHtmLlpFgoRjjNit1E0hiTIe7TjqYhDqh00unpGTrSiof8SOgKFZqqvydSHEg5DlzdGWA1kPPeRPzP6yTKv3RSFsaJoiGZLfITjlSEJjkgjwlKFB9rgolg+lZEBlhnoXRaRR2CPf/yImmeVuzzSvWuWq5d5XEU4AAO4RhsuIAa3EIdGkDgEZ7hFd6MJ+PFeDc+Zq1LRj6zD39gfP4AVMuUBg==</latexit>

dx
dt

= 3 ! x

<latexit sha1_base64="1SwtR9mXQFovUqt1AbhYjoNbDgQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexK8HELePGYgHlAsoTZSW8yZnZ2mZkVQ8gXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6xGV5rG8N+ME/YgOJA85o8ZK9adeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhtT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe5flSr1Sqt5kceThBE7hHDy4gircQQ0awADhGV7hzXlwXpx352PRmnOymWP4A+fzB+ZyjPw=</latexit>x

<latexit sha1_base64="7e9UjvE3ikW80tIYd8vhKKSGHt4=">AAAB9HicbVDLSsNAFL2pr1pfVZdugkVwVRIpPnYFNy4r2Ae0oUwmk3boZBJnbool5DvcuFDErR/jzr9x+lho64ELh3Pu5d57/ERwjY7zbRXW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrjk80E1yyJnIUrJMoRiJfsLY/up367TFTmsfyAScJ8yIykDzklKCRvF6oCM2CpzwLMO+XK07VmcFeJe6CVGCBRr/81QtimkZMIhVE667rJOhlRCGnguWlXqpZQuiIDFjXUEkipr1sdnRunxklsMNYmZJoz9TfExmJtJ5EvumMCA71sjcV//O6KYbXXsZlkiKTdL4oTIWNsT1NwA64YhTFxBBCFTe32nRITA5ociqZENzll1dJ66LqXlZr97VK/WYRRxFO4BTOwYUrqMMdNKAJFB7hGV7hzRpbL9a79TFvLViLmWP4A+vzB40hkpg=</latexit>

dx
dt

Can you guess the requirements for equilibria and stability based on this?



Equilibria and stability
is an equilibrium of the differential equation

<latexit sha1_base64="TOl084bQbVUjODwTK7QJ2r0FMvM=">AAAB6nicbVDJSgNBEK1xjXGLevTSGATxEGYkuNwCXjxGNAskY+jp9CRNenqG7hoxDPkELx4U8eoXefNv7CwHTXxQ8Hiviqp6QSKFQdf9dpaWV1bX1nMb+c2t7Z3dwt5+3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuB77jUeujYjVPQ4T7ke0p0QoGEUr3T09nHYKRbfkTkAWiTcjRZih2il8tbsxSyOukElqTMtzE/QzqlEwyUf5dmp4QtmA9njLUkUjbvxscuqIHFulS8JY21JIJurviYxGxgyjwHZGFPtm3huL/3mtFMNLPxMqSZErNl0UppJgTMZ/k67QnKEcWkKZFvZWwvpUU4Y2nbwNwZt/eZHUz0reeal8Wy5WrmZx5OAQjuAEPLiACtxAFWrAoAfP8ApvjnRenHfnY9q65MxmDuAPnM8f/7mNmA==</latexit>

x⇤
<latexit sha1_base64="BBWNWuW0N7cGjV7kcfyrQhjXkCM=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiDES5iR4HIQAl48RjALJEPo6elJmvQsdNdI4jD4K148KOLV//Dm39hJ5qCJDwoe71VRVc+NBVdgWd/G0vLK6tp6YaO4ubW9s2vu7TdVlEjKGjQSkWy7RDHBQ9YADoK1Y8lI4ArWcoc3E7/1wKTiUXgP45g5AemH3OeUgJZ65mHXl4Sm3ihLPcjwNfbLo9OeWbIq1hR4kdg5KaEc9Z751fUimgQsBCqIUh3bisFJiQROBcuK3USxmNAh6bOOpiEJmHLS6fUZPtGKh/1I6goBT9XfEykJlBoHru4MCAzUvDcR//M6CfiXTsrDOAEW0tkiPxEYIjyJAntcMgpirAmhkutbMR0QHQfowIo6BHv+5UXSPKvY55XqXbVUu8rjKKAjdIzKyEYXqIZuUR01EEWP6Bm9ojfjyXgx3o2PWeuSkc8coD8wPn8AvRqUuw==</latexit>

dx
dt

= f (x) if and only if
<latexit sha1_base64="nl3whr60b0K63Sz26UGTvDV34LY=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBaheiiJFPUiFL14rGA/oI1ls920SzebuLsRS+if8OJBEa/+HW/+G7dtDtr6YODx3gwz8/yYM6Ud59vKLS2vrK7l1wsbm1vbO/buXkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/vB64jcfqVQsEnd6FFMvxH3BAkawNlIrKD3dnxxfOl276JSdKdAicTNShAy1rv3V6UUkCanQhGOl2q4Tay/FUjPC6bjQSRSNMRniPm0bKnBIlZdO7x2jI6P0UBBJU0Kjqfp7IsWhUqPQN50h1gM1703E/7x2ooMLL2UiTjQVZLYoSDjSEZo8j3pMUqL5yBBMJDO3IjLAEhNtIiqYENz5lxdJ47TsnpUrt5Vi9SqLIw8HcAglcOEcqnADNagDAQ7P8Apv1oP1Yr1bH7PWnJXN7MMfWJ8/fRCO9w==</latexit>

f (x! ) = 0

<latexit sha1_base64="TOl084bQbVUjODwTK7QJ2r0FMvM=">AAAB6nicbVDJSgNBEK1xjXGLevTSGATxEGYkuNwCXjxGNAskY+jp9CRNenqG7hoxDPkELx4U8eoXefNv7CwHTXxQ8Hiviqp6QSKFQdf9dpaWV1bX1nMb+c2t7Z3dwt5+3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuB77jUeujYjVPQ4T7ke0p0QoGEUr3T09nHYKRbfkTkAWiTcjRZih2il8tbsxSyOukElqTMtzE/QzqlEwyUf5dmp4QtmA9njLUkUjbvxscuqIHFulS8JY21JIJurviYxGxgyjwHZGFPtm3huL/3mtFMNLPxMqSZErNl0UppJgTMZ/k67QnKEcWkKZFvZWwvpUU4Y2nbwNwZt/eZHUz0reeal8Wy5WrmZx5OAQjuAEPLiACtxAFWrAoAfP8ApvjnRenHfnY9q65MxmDuAPnM8f/7mNmA==</latexit>

x⇤ is stable if 
<latexit sha1_base64="+igWyuKAcMo92WfL0RrRsa8hSI4=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzGiBbkzRC0siDaWmMiHASR7yx5s2N277O4ZyYVfYWOhMbb+HDv/jQtcoehLJnl5byYz8/yIM21c98vJLCwuLa9kV3Nr6xubW/ntnboOY0VojYQ8VE0fa8qZpDXDDKfNSFEsfE4b/vBq4jceqNIslLdmFNGOwH3JAkawsdJdcFh8vD8+unC7+YJbcqdAf4mXkgKkqHbzn+1eSGJBpSEca93y3Mh0EqwMI5yOc+1Y0wiTIe7TlqUSC6o7yfTgMTqwSg8FobIlDZqqPycSLLQeCd92CmwGet6biP95rdgE552EySg2VJLZoiDmyIRo8j3qMUWJ4SNLMFHM3orIACtMjM0oZ0Pw5l/+S+onJe+0VL4pFyqXaRxZ2IN9KIIHZ1CBa6hCDQgIeIIXeHWU8+y8Oe+z1oyTzuzCLzgf390Qjyc=</latexit>

f ! (x" ) < 0

<latexit sha1_base64="TOl084bQbVUjODwTK7QJ2r0FMvM=">AAAB6nicbVDJSgNBEK1xjXGLevTSGATxEGYkuNwCXjxGNAskY+jp9CRNenqG7hoxDPkELx4U8eoXefNv7CwHTXxQ8Hiviqp6QSKFQdf9dpaWV1bX1nMb+c2t7Z3dwt5+3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuB77jUeujYjVPQ4T7ke0p0QoGEUr3T09nHYKRbfkTkAWiTcjRZih2il8tbsxSyOukElqTMtzE/QzqlEwyUf5dmp4QtmA9njLUkUjbvxscuqIHFulS8JY21JIJurviYxGxgyjwHZGFPtm3huL/3mtFMNLPxMqSZErNl0UppJgTMZ/k67QnKEcWkKZFvZWwvpUU4Y2nbwNwZt/eZHUz0reeal8Wy5WrmZx5OAQjuAEPLiACtxAFWrAoAfP8ApvjnRenHfnY9q65MxmDuAPnM8f/7mNmA==</latexit>

x⇤ is unstable if 
<latexit sha1_base64="eVG6g/R96inlfhOYC/LETYUJDLk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRaxeii7UtSTFL14rGA/pK0lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQasPBh7vzTAzz48408Z1v5zMwuLS8kp2Nbe2vrG5ld/eqeswVoTWSMhD1fSxppxJWjPMcNqMFMXC57ThD68mfuOBKs1CeWtGEe0I3JcsYAQbK90Fh8XH++OjC7ebL7gldwr0l3gpKUCKajf/2e6FJBZUGsKx1i3PjUwnwcowwuk41441jTAZ4j5tWSqxoLqTTA8eowOr9FAQKlvSoKn6cyLBQuuR8G2nwGag572J+J/Xik1w3kmYjGJDJZktCmKOTIgm36MeU5QYPrIEE8XsrYgMsMLE2IxyNgRv/uW/pH5S8k5L5ZtyoXKZxpGFPdiHInhwBhW4hirUgICAJ3iBV0c5z86b8z5rzTjpzC78gvPxDeAajyk=</latexit>

f ! (x" ) > 0
<latexit sha1_base64="vUY99CRIkV/eDI8FVbajUx4rDUg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUE8S8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9i7LlXqlVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+fzjQE=</latexit>x

<latexit sha1_base64="ON8tBUJBdz6Q/Syv7ElNFcmRgQ4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPUkBS8eK9gPaJeSTbNtaJJdkqxYlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNxmfueRKs0i+WCmMfUFHkkWMoJNJoXVp/NBueLW3DnQKvFyUoEczUH5qz+MSCKoNIRjrXueGxs/xcowwums1E80jTGZ4BHtWSqxoNpP57fO0JlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhNe+ymTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadkQ/CWX14l7Yuad1mr39crjZs8jiKcwClUwYMraMAdNKEFBMbwDK/w5gjnxXl3PhatBSefOYY/cD5/AG4ZjdY=</latexit>

f (x)

E.g. continuous –
time logistic 

equation
<latexit sha1_base64="nxpftJVwj//B2D1awDCgk5D5Tyk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBeWRIq6UQpuXFawD2hDmUwm7dDJg5kbaQnZ+CtuXCji1s9w5984bbPQ6oELh3Pu5d573FhwBZb1ZRSWlldW14rrpY3Nre0dc3evpaJEUtakkYhkxyWKCR6yJnAQrBNLRgJXsLY7upn67QcmFY/Ce5jEzAnIIOQ+pwS01DcPer4kNPXGWepBhq+wHFfs0/FJ3yxbVWsG/JfYOSmjHI2++dnzIpoELAQqiFJd24rBSYkETgXLSr1EsZjQERmwrqYhCZhy0tkDGT7Wiof9SOoKAc/UnxMpCZSaBK7uDAgM1aI3Ff/zugn4l07KwzgBFtL5Ij8RGCI8TQN7XDIKYqIJoZLrWzEdEp0I6MxKOgR78eW/pHVWtc+rtbtauX6dx1FEh+gIVZCNLlAd3aIGaiKKMvSEXtCr8Wg8G2/G+7y1YOQz++gXjI9vnByVwA==</latexit>

dx
dt

= rx (1 ! x)

No oscillations (requires 2D)
No chaos (requires 3D)



Numerical solution
An approximation, unlike for discrete-time simulation which is exact.

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

numerical

exact

<latexit sha1_base64="BBWNWuW0N7cGjV7kcfyrQhjXkCM=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiDES5iR4HIQAl48RjALJEPo6elJmvQsdNdI4jD4K148KOLV//Dm39hJ5qCJDwoe71VRVc+NBVdgWd/G0vLK6tp6YaO4ubW9s2vu7TdVlEjKGjQSkWy7RDHBQ9YADoK1Y8lI4ArWcoc3E7/1wKTiUXgP45g5AemH3OeUgJZ65mHXl4Sm3ihLPcjwNfbLo9OeWbIq1hR4kdg5KaEc9Z751fUimgQsBCqIUh3bisFJiQROBcuK3USxmNAh6bOOpiEJmHLS6fUZPtGKh/1I6goBT9XfEykJlBoHru4MCAzUvDcR//M6CfiXTsrDOAEW0tkiPxEYIjyJAntcMgpirAmhkutbMR0QHQfowIo6BHv+5UXSPKvY55XqXbVUu8rjKKAjdIzKyEYXqIZuUR01EEWP6Bm9ojfjyXgx3o2PWeuSkc8coD8wPn8AvRqUuw==</latexit>

dx
dt

= f (x)

Take a small
<latexit sha1_base64="rCnIw/5zX0wzgn+ePYs3cJj+QIc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK7e4tl0gJ9soVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5vdOyEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oZEPwFl9eJs2zqndRPb8/r9Su8ziKcATHcAoeXEIN7qAODWAg4Rle4c15dF6cd+dj3lpw8plD+APn8weSY4+t</latexit>

! t

Then

<latexit sha1_base64="d6Dp+9RgoxThytT2TcJbztmiFco=">AAACD3icbZC7SgNBFIZn4y3G26qlzWBQYhN2JahlUAvLCOYC2SXMTmaTIbMXZs5KwpI3sPFVbCwUsbW1822cJCto4g8DH/85hzPn92LBFVjWl5FbWl5ZXcuvFzY2t7Z3zN29hooSSVmdRiKSLY8oJnjI6sBBsFYsGQk8wZre4GpSb94zqXgU3sEoZm5AeiH3OSWgrY557PiS0NS5ZgIIHo5/CMbYIXEsoyH2S8OTjlm0ytZUeBHsDIooU61jfjrdiCYBC4EKolTbtmJwUyKBU8HGBSdRLCZ0QHqsrTEkAVNuOr1njI+008V+JPULAU/d3xMpCZQaBZ7uDAj01XxtYv5XayfgX7gpD+MEWEhni/xEYIjwJBzc5ZJRECMNhEqu/4ppn+iAQEdY0CHY8ycvQuO0bJ+VK7eVYvUyiyOPDtAhKiEbnaMqukE1VEcUPaAn9IJejUfj2Xgz3metOSOb2Ud/ZHx8A1WEnDU=</latexit>

! x
! t

! f (x)
<latexit sha1_base64="XorydFbQkwFa5PMVUT8/fMV8EeE=">AAACBnicbVBNS8NAEN34WetX1KMIi0Wol5JIUY9FPXisYD+gCWWz3bRLN5uwO5GW0pMX/4oXD4p49Td489+4bXPQ1gcDj/dmmJkXJIJrcJxva2l5ZXVtPbeR39za3tm19/brOk4VZTUai1g1A6KZ4JLVgINgzUQxEgWCNYL+9cRvPDCleSzvYZgwPyJdyUNOCRipbR95N0wAwQPskSRR8QCHxcFpJkLbLjglZwq8SNyMFFCGatv+8joxTSMmgQqidct1EvBHRAGngo3zXqpZQmifdFnLUEkipv3R9I0xPjFKB4exMiUBT9XfEyMSaT2MAtMZEejpeW8i/ue1Uggv/RGXSQpM0tmiMBUYYjzJBHe4YhTE0BBCFTe3YtojilAwyeVNCO78y4ukflZyz0vlu3KhcpXFkUOH6BgVkYsuUAXdoiqqIYoe0TN6RW/Wk/VivVsfs9YlK5s5QH9gff4AnE6X8w==</latexit>

! x ! f (x)! t

<latexit sha1_base64="hXXA5i1WjGzYjbwc0qoUBAlTnuA=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQKZQZKepGKOrCZQX7gHYYMmmmDc08SO5Iy9CdG3/FjQtF3PoL7vwb08dCWw9c7uGce0nu8WLBFVjWt5FZWl5ZXcuu5zY2t7Z3zN29uooSSVmNRiKSTY8oJnjIasBBsGYsGQk8wRpe/3rsNx6YVDwK72EYMycg3ZD7nBLQkmseDtwUivYIX+KBC7iI/YLuJ+0bJoBgcM28VbImwIvEnpE8mqHqml/tTkSTgIVABVGqZVsxOCmRwKlgo1w7USwmtE+6rKVpSAKmnHRyxwgfa6WD/UjqCgFP1N8bKQmUGgaengwI9NS8Nxb/81oJ+BdOysM4ARbS6UN+IjBEeBwK7nDJKIihJoRKrv+KaY9IQkFHl9Mh2PMnL5L6ack+K5XvyvnK1SyOLDpAR6iAbHSOKugWVVENUfSIntErejOejBfj3fiYjmaM2c4++gPj8wcWj5eO</latexit>

x t +1 = xt + f (xt )! t
Arrive at Euler’s method

<latexit sha1_base64="rCnIw/5zX0wzgn+ePYs3cJj+QIc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK7e4tl0gJ9soVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5vdOyEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oZEPwFl9eJs2zqndRPb8/r9Su8ziKcATHcAoeXEIN7qAODWAg4Rle4c15dF6cd+dj3lpw8plD+APn8weSY4+t</latexit>

! t



!"#$%&'
<latexit sha1_base64="UCbXppF48d13GNZt+YVXMdN18MI=">AAAB/HicbZBLSwMxFIXv1Fetr9Eu3QSL4MYyI0XdCBU3LivYB7RDyWQybWjmQZKRDsOI/8SNC0Xc+kPc+W9MHwttPRA4nHNDbj435kwqy/o2Ciura+sbxc3S1vbO7p65f9CSUSIIbZKIR6LjYkk5C2lTMcVpJxYUBy6nbXd0M+nbD1RIFoX3Ko2pE+BByHxGsNJR3yz3fIFJ5o3zzFM5ukL26bhvVqyqNRVaNvbcVGCuRt/86nkRSQIaKsKxlF3bipWTYaEY4TQv9RJJY0xGeEC72oY4oNLJpsvn6FgnHvIjoU+o0DT9fSPDgZRp4OrJAKuhXOwm4X9dN1H+pZOxME4UDcnsIT/hSEVoQgJ5TFCieKoNJoLpXREZYk1DaV4lDcFe/PKyaZ1V7fNq7a5WqV8/zXAU4RCO4ARsuIA63EIDmkAghWd4hTfj0Xgx3o2P2WjBmCMswx8Znz8x85Tg</latexit>

dx
dt

= 1 ! x

(courtesy of Niklas Brake)

! !
Choose 

<latexit sha1_base64="rCnIw/5zX0wzgn+ePYs3cJj+QIc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK7e4tl0gJ9soVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5vdOyEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oZEPwFl9eJs2zqndRPb8/r9Su8ziKcATHcAoeXEIN7qAODWAg4Rle4c15dF6cd+dj3lpw8plD+APn8weSY4+t</latexit>

! t

• small enough such that 
dynamics stay close to 
true solution

• not so small that the 
simulation becomes 
too computationally 
costly



MATLAB exercise
Fitzhugh-Nagumo equations

<latexit sha1_base64="3eHCbLoxVSbe0ot0mLAEZHwagBQ="></latexit>

dv
dt

= ! v(v ! a)(v ! 1) ! w + I app

dw
dt

= ! (bv+ d ! cw)

Describe the qualitative changes that occur 
upon increasing Iapp

Describe the trajectory of v based on its initial 
condition 

Physiological interpretation?


